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CN ' Abstract 



^ , In this work one proves that, around each point of a dense open set (regular 

points), a real analytic or holomorphic bihamiltonian structure decomposes into 
a product of a Kroneckcr bihamiltonian structure and a symplectic one if a 

r^ , holds. Moreover we give an example of bihamiltonian structure for showing 

(~| . that this result does not extend to the C°°- category. 

-4— > . 

2 ' Thus a classical problem on the geometric theory of bihamiltonian structures 

is solved at almost every point. 



Introduction 

Given two Poisson structures A, Ai on a real (at least C°°) or complex (holo- 



> 

CN ' morphic) manifold M, following Magri ^ one will say that (A, Ai) is a bihamil 



tonian structure (or that A, Ai are compatible) if A + Ai is a Poisson structure 
^^ , as well. Bihamiltonian structures are a useful tool for dealing with some dif- 

ferential equations many of them with a physical meaning; besides they are 
interesting from the geometric viewpoint too that will be the case here. 

The algebraic classification of the pairs of bivectors on a finite dimensional 
5^ , real or complex vector space was given by Gelfand and Zakharevich in [3]. 

Essentially each pair decomposes into the product of a Kronecker pair and a 
symplectic one (see [H [17]). Therefore it is natural to ask whether this de- 
composition into a product Kronecker-symplectic holds, at least locally, for 
bihamiltonian structures as well, which would be an important steep toward 
their classification. One recalls that Kronecker bihamiltonian structures are in- 
timately related to Veronese webs (see ^7\ for an exposition of the local theory 
of Veronese webs and its relationship with Kronecker bihamiltonian structures), 
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whereas the local classification of symplectic bihamiltonian structures, that is 
of pairs of compatible symplectic forms, is known at almost every point (see 

[13 [13]). 

The chief goal of this work is to show that, around every point of a dense 
open set (regular points), a real analytic or holomorphic bihamiltonian structure 
decomposes into a product Kronecker-symplectic if a necessary condition on the 
characteristic polynomial of the symplectic factor holds (theorem 7.1). Moreover 
we exhibit an example of C°°- bihamiltonian structure for which this result fails. 
These results have been annoced in [TSl [H] . 

As main tool for this purpose, to any bihamiltonian structure we associate a 
new object called a Veronese flag, which generalizes the notion of Veronese web 
introduced by Gelfand and Zakharevich in [1] (codimension one) and later on 
by others authors (TUl [H] (higher codimension) . Roughly speaking the crucial 
point is to show that, about each regular point, a Veronese flag is the product of 
a Veronese web and a pair of compatible symplectic forms. For that one has to 
prove, in a indirect way, the existence of solutions of some differential equations 
not explicitly formulated. In the complex case they are always ordinary whereas 
in some real cases we have to deal with systems of partial derivative equations, 
which may contain the Lewy's example [7] as sub-system; thus the result fails 
in the C°° category. In the real analytic case a method of complexification 
transforms the real problem on a complex one. Once the decomposition of 
Veronese flags established, that of bihamiltonian structures follows from it with 
a little extra-work. 

The study of bihamiltonian structures at not regular points rather belongs 
to the theory of singularities and, in spite of its great interest, will be not 
considered here. 

The present text consists of eight sections plus an appendix. In the first one 
the Veronese flag, as quotient of a bihamiltonian structure, and the bihamil- 
tonian structure over a (1, l)-tensor field and a foliation, which gives a simple 
method for constructing bihamiltonian structures, are introduced. 

Sections 2, 3 and 4, this last one rather technical, are devoted to prove a 
local decomposition theorem for Veronese flags with only one eigenvalue. In 
section 5 real Veronese flags, without real eigenvalue, are dealt with by reducing 



them to holomorphic ones through the analyticity. 

In section 6 one shows that, locally, Veronese flags are the flbered product 
of those with just one eigenvalue, and in section 7 we prove the theorem of local 
decomposition for real analytic or holomorphic bihamiltonian structures. A C°° 
counter-example to this last result is given in section 8. 

Finally, in the appendix one proves a well known result on (1, l)-tensor fields 
belonging to the folklore but without many accessible proofs. 

1. The quotient of a bihamiltonian structure 

As it well known to any Kronecker bihamiltonian structure one may associate 
a Veronese web on the local quotient of the support manifold (see [3l fT0l [T6] ). 
Here we will associate a new structure, called a Veronese flag and defined on a 
local quotient of the support manifold also, to a very large class of bihamiltonian 
structures. 

From now on all structured considered will be real C°° or complex holomor- 
phic unless another thing is stated. 

1.1. The main construction. 

On a manifold P consider a foliation J- (that is an involutive distribution) 
of positive codimension and a morphism of vector bundles I : T ^ TP. If a is 
a s-form on an open set B of P, then £*a ( we will write a o £ as well) can be 
regarded as s-form with domain B on the leaves of F. Let G : TP -^ TP be a 
prolongation of (.\ then {G*a)\jr equals (*a. On the other hand if £*a is closed 
on J- for every closed l-forni a such that Kera D J-, then the restriction of the 
Nijenhuis torsion Na of G to J^ does not depend on the prolongation G of ^ (see 
lemma 2.2 of [17]) and it will called the Nijenhuis torsion Ni of L 
Let A{p), p ^ P, he the largest ^-invariant vector subspace of J-'{p)- 
We will say that the pair {T, £) is a weak Veronese flag if the following three 
conditions hold: 

1) i*a is closed on T for every closed 1-forni a such that Kera D T, 

2) Ne = 0, 

3) dimA{p) does not depend on p. 

First of all let us see that the distribution A = Up^pA{p) is a foliation 
when {J-, t) is a weak Veronese flag. Given any point q E P the morphism i : 



T{q) — !• TqP projects in a morphism ipq : J^{q)/A{q) — s> TqP/A{q) without non- 
zero (/3g-invariant vector subspace. Thus {J-{q)/A{q),(pq) defines an algebraic 
Veronese web Wq on TqP/A{q) of codimension > 1 by setting Wq{t) = {ipq + 
tI){J'{q)/A{q)), such that Wq{oo) = T{q)/ A{q). Moreover, as it is well known, if 
ai,...,afe, k = dim{TqP/A{q)), are non-equal scalars then u'g(ai)n...ni(;g(afc) — 
{0}, so A{q) = n^^.ae + ajI)T{q)). 

On the other hand, if Ker{£ + al) = {0} on an open set then {i + aI)T 
is involutive on this set. For showing this last assertion we need the following 
result transcription of lemma 2.1 of |17) . 

Lemma 1.1. Consider a 1-form p, a (1,1)- tensor field H and two vector 
fields X,Y on a manifold, then {d{p o H)){HX,Y) + {d{p o H)){X,HY) ^ 
dp{HX, HY) + dip o H^){X, Y) + piNniX, Y)). 

Let G be a (local) prolongation of i. If /i is a closed 1-form and Kerp, D T 
then Ker{po[G+aI)^^) D {G+aI)F and by lemma 1.1 applied to po[G+aI)~^ 
and (G + al) one has d{p o {G + aI)-^){{G + aI)T, (G + aI)T) = -d{p o (G + 
aI)){F,T) — p{Nq{T,F)) = therefore (i(/Lto (G + a/)^^)|(G+a/)j^ = 0, whence 
the involutivity of (G + aI)J-. 

Since whichever p Cz P always there exist non-equal scalars ai,...,ak such 
tha.t Ker{£+ajl){p) = {0},j = 1, ..., fc, around this point ^ = n'^^-^{{i+ajI)T); 
so ^ is a foliation, called the axis of the flag (7^, i) from now on. 

Let TT : P ^ N he a. local quotient of P by A; then w{t) = vr, ((i? + tI)T) 
is a foliation whose codimension equals that of J- and w = {w(t) | t G K} is 
a Veronese web on N. Indeed, given q G P and q <E N such that 7r(q) ~ q 
then w{q) = {w{q){t) \ t e K} is the algebraic Veronese web defined by 
{T{q)/A{q),(pq) when TqP/A{q) is identified to TqN; so iB is an algebraic 
Veronese web at each point of N. Moreover i(}(oo) — tt, (7^), which is a foli- 
ation; therefore by proposition 2.1 of 17 the family u) is a Veronese web. 

Thus if £ : .F — > TN, where J^ — 7r»(J-'), is the morphism canonically associ- 
ated to w then {^,i) is the projection of {J-,t). 

Lemma 1.2. Consider a weak Veronese flag (7^,^) and for every integer 
k > set gk — trace{{Lj\)^) . Then kdg^+i = (fc + l)dgk o i on J-'. 



Proof. As the problem is local one may extend £ to a flat diagonalizable 
tensor field J and consider an extension G oii projecting in J. Then IjuNq C A 
and traceiG^) = gu + c^ where Ck G IK. Since trace(Hi o H2) = trace{H2 o Hi) 
for every vector field X one has: kd{trace{G''^^)){X) = k{k + l)trace{G^ o 
LxG) = k{k + l)trace{G^~^ o LgxG) - k{k + l)tmce(7VG(X, )) = (fc + 
l)d{trace{G^)){GX) - k{k + l)irace(7VG(X, )). 

But traceiNciX, )) = when X e J^ because Ng{T, J") = and Im{NG{X, )) C 
^C J". D 

Now let uj,uji be a couple of 2-forms defined on A. One will say that 
{T, £, uj, uji) is a Veronese flag on P if: 

1) [J't^) is a weak Veronese flag. 

2) w is symplectic on A, uti closed and wi — uj{£, ) [that is uJi{X,Y) = 
LoilX.Y)]. 

3) Whenever / is a function on an open set of P such that £*df is closed on T, 
then Lxf £ = where Xf is the cj-hamiltonian of / along A. 

Remark. Given, on a manifold, a foliation Q, a tensor field T defined along 
Q and a ^-foliate vector field X, then the Lie derivative LxT is defined as a 
tensor field along Q; moreover the flow of ^preserves T if and only if LxT = 0. 
In condition 3) above Xf is tangent to ^ C J^ so J^-foliate. Obviously this 
condition implies Lxj^i = 0. 

When ^ = 0, Veronese web and Veronese flag are equivalent notions. 

By technical reasons we need the following definition. Given po ^ P we will 
say that (T,£,uj,iOi) is a Veronese flag at point po when 1) and 2) hold but 3) 
is replaced by: 

3') for any function / defined on an open set po E B C P such that £*df is 
closed on T, then Lxf£ = on an open set po E B' C B. 

Let us recall some facts about pairs of bivectors on real or complex vector 
spaces (see H] and section 1.2 of JZ;). Consider a pair of bivectors (A,Ai) on 
a finite dimensional vector space W. By definition the rank of (A,Ai) is the 
maximum of the ranks of (1 — t)X + iAi, t G K, and one has rank(X, Xi) — 
rank{{l — t)X + tXi) except for a finite number of scalars t, which is < '^"^^ . A 
pair (A, Ai) is called maximal when rank{X) — rank{Xi) = rank(X, Xi). Given 
an odd dimensional vector space U, the action of GL{U) on (A^t/) x (A^C/) 



possesses one dense open orbit, whose elements are named Kronecker elementary 
pairs; they are maximal and their rank equals dimU — 1. According to the 
classification by Gelfand and Zakharevich (see [3] and propositions 1.4 and 1.5 
of |17j). every maximal pair decomposes into a product of Kronecker elementary 
pairs {Uj, fij, fiij), j = ^,---r, where r = corank(X, Xi) , and a symplectic pair 
([/', /i', /i']^); moreover these factors are unique up to isomorphism or change of 
order. 

A bihamiltonian structure on a manifold is called Kronecker when at each 
point its algebraic model is a product of Kronecker elementary pairs only, and 
symplectic if at every point its algebraic model only has the symplectic factor. 

On a real or complex m-manifold M consider a bihamiltonian structure 
(A, Ai) such that: 

1) (A, Ai) is maximal, that is every (A(p), Ai(p)), p € M, is maximal, 

2) the rank of (A, Ai) and the dimension of the the symplectic factor at each 
point are constant. 

As before set r = cor ank( A, Ai) and let 2m' be the dimension of the sym- 
plectic factor. Since r is the number of Kronecker elementary factors, m + r is 
even and one may set m = 2m' + 2n — r. Note that, at every point, 2n — r 
equals the sum of the dimensions of the Kronecker elementary factors (warning 
these last dimensions could depend on the point). 

Our next aim is locally to associate a Veronese flag in dimension 2m' + n to 
(A, Ai). For each p E M let Ai{p) be the intersection of all vector subspaces 
/m(A + tAi)(p), t G K, such that rank{A + tAi){p) = m — r. From the algebraic 
model follows that dimAi {p) — ni ~ ri — 2m! + n ~ r, which defines a foliation 
Ai called the (primary) axis of (A, Ai). Indeed, given p Cz M one can chose 
non-equal scalars ii, ..., t„ such that rank{A + tjAi){p) ^ m — r, j ^ 1, ..., n; in 
particular n'L]^/?7i(A-|-tjAi)(p) = Ai{p). By continuity ranfc(A+tjAi) = m—r, 
j = 1, ..., n and n"^]^/r7i(A + tjAi) = Ai around p. 

It is not hard to see that Ai C ImAi and dim(Im(A + tAi) + Ai) = m — r, 
t e IK. Set w{t) = Im{A + tAi)+Ai, t e K; then w = {w{t) \t eK} is a. family 
of foliations of codimension r whose limit at each point, when i ^> oo, is ImAi. 
Indeed, given p G M and io G K consider functions /i, ...,/fe and vector fields 
Xi, ..., Xm-r-k tangent to .Ai, all of them defined around p, such that {(A + 



toAi){dfi, ),...,{A + toAi){dfk, ),Xi,...,X„^^r-k} at p is a basis of ^y(io)(p)• 
By continuity {(A + tAi)(d/i, ),..., (A + tAi)(c(ffe, ),Xi, ...,X^^r-k} is a 
basis of 'w{t){q) when (q,t) is close to (p, io) on M x K, so w is a family of 
distributions. But the set D — {{q,t) e M x K \ rank{k + tki){q) = m — r} 
is dense and open and, obviously, w is a family of foliations on Z?, therefore 
w is a family of foliations on M x K. Finally note that Ai C ImKi and 
/m(A + tAi) = Im{sA + Ai) when s = t^^ . 

Let N be the local quotient of M by Ai, which is a n-dimensional manifold, 
and TTjv : M ^>- N the canonical projection. Then w — {w{t) = (7rjv)*u'(i) | 
t G K} is a Veronese web on N of codimension r. Indeed, the algebraic model 
shows that, at each point of N , the family of foliations w is an algebraic Veronese 
web. On the other hand its limit when i — > oo equals (7rjv)*(/niAi), which is a 
foliation too; so iD is a Veronese web (see proposition 2.1 of 17 ). 

The Poisson structure A is given by a symplectic form Cb defined on ImA 
while Ai is given by a symplectic form form uji on Im Ai. Therefore the re- 
stricted 2-forms u}\^^ and u}i\Ai ^^^ closed; besides (see proposition 1.4 of fTf] ) 
Ker{unj[-^) = Ker{uji\_^-^) = A{A'i, ) = Ai{A'i, ) where A'l is the annihila- 
tor of Ai and dim{Ker{il!\j[-^)) ^ n — r. Thus A2 = Ker{uj\j[-^) is a foliation of 
dimension n — r, which will be called the secondary axis of (A, Ai), and A2 C Ai- 

Let P be the local quotient of M by A2 and np : M —> P the canonical 
projection; then dimP = 2m' +n^ Ai projects into a 2?77,'-dimensional foliation A 
and ib\Ai : "^11.41 in two symplectic forms w, uji on A. Moreover A projects in the 
Poisson structure defined by A and w, whereas Ai does in the Poisson structure 
defined by A and ui . Let J- be the r-codimensional foliation on P projection of 
Ini Ai. Obviously the local quotient of P by ^ is identified in a natural way to 
N and tt o ttp = ttjv where tt : P — s> A^ is the canonical projection. In short we 
have three of the four elements of a Veronese fiag on P. Let us construct the 
fourth one. 

As A{A!i, ) = Ai{A'i, ) = A2 and A'l contains KerA and Ker Ai, the 
Poisson structures A, Ai give rise to two isomorphisms A, Ai from -^-J^ to -^^^ 
and ^^^^ respectively, by setting A([a]) = [A(a, )] and Ai([a]) = [Ai(a, )]. 
Thus ^ = AoAj^^isa monomorphism from i^Ai ^q T^ whose image equals ^-^■ 
By construction I is an invariant of (A, Ai) and, for every q G M, there exists 



a monomorphism ip : (7rp),(/mAi(g)) — !> T^pf^^-^P with Inup = {■np)^:{ImK{q)) 
that is the projection of t{q)\ moreover from the algebraic model follows that 
ijJi{u,v) = uj{(pu,v), u,v e A{TTp{q)), and Ai{TTpip*(3, ) = A(7rp/3, ), /3 £ 
T* , -.P [note that Ai can be regarded as a linear map from (/mAi)* to TM 
since Ai(/3, ) = whenever /3(/mAi) = 0]. 

For proving that, in fact, i projects into a suitable morphism t : T ^ 
TP we will need some extra-work, essentially local, which allows us to do it 
around the points of M . Therefore, given non-equal and non-vanishing scalars 
ai, ..., a„_r, a we may assume the existence on N of coordinates (xi, ...,Xn), 
closed 1-forms ai, ...,ar and a (1, l)-tensor field J such that dxj o J — ajdxj, 
j = 1, ..., n — r, dxj o J — adxj, j = n — r + 1, ..., n, Ker[ai A ... A ar) = w{oo), 
d{ak o J) A ai A ... A a^ = 0, k = 1, ..., r, and that 

7W = (n"jf (i + ajM + a)Hai ° (J + tl)-^) A ... A (a, o (J + t/)"!) 
represents w (see theorem 2.1 of 17 ). 

By identifying r and tt^t, any fc-form r, defined on open set of N, can be 
regarded as an ^i-basic fc-form on an open set of M. Thus dxi, ..., dx„ span A'l, 
Kerdxj D Im{K~a.jKi) whence A(dxj, ) — ajAi(dxj, ), j ~ 1, ..., n — r, and 
Kerdxj D Im{A — aAi) whence A(da;j, ) = aAi{dxj, )^ j ~ n — r + 1, ...,n. 

On the other hand from the algebraic model at each point follows that two 
functions of (xi, ..., x„) are always in involution for both A and Ai, and the fam- 
ilies {dxi, ..., dxn-r, aioJ~^, ..., aroJ~^} and {dxi, ..., dxn~r, c^i, ..., a^} are lin- 
early independent everywhere. Consequently around each p G M one may chose 
functions yi,...,2/„_r,zi,...,Z2m' such that (xi, ...,x„, yi, ...,2/„_r, zi, ..., Z2„i') is 
a system of coordinates and A is given by ai o J^^, ..., a^ ° J~^ and the closed 
2-form Q. = X]J=[ '^^j A dyj + J2k=i dz2k~i A dz2m' . 

Therefore A2 is spanned by d/dyi, ...,d/dyn-r since A{dxj, ) = d/dyj, 
j — 1, ..., n — r, and A{ak ° J~^, ) = 0, fc = 1, ..., r. 

By the same reason around each point p £ M there exist functions y[, ..., y'i_rj 
z[, ..., Z2„^, such that {xi, ...,Xn,y'i, ...,y'„_^,z'i, ..., z'2^,) is a system of coordi- 
nates while Ai is given by ai, ...,ar and the closed 2-form fli = X^^i '^•^i A 

c^yj +Efc™lf^4fc-l'^^4m'• 
But A{dxj, ) = d/dyj and Ai((ia;j, ) = d/dy'j whence d/dyj — ajd/dy'j, 
j = 1, ..., n~r. So expressing (ij/5^ , ...,dy',^_^, dz[, ..., dz^^^, in terms of dxi, ...,dxn, 



dj/1, ..., dyn-r, dzi, ..., dz2m' yields fli = J2^=i cijdxj A dyj + Q,'^ where Vt'^ does 
not contain any term involving dj/i, ..., dyn-r and its coefficient functions do not 
depend on (yi, ..., j/„_r)- 

Now it is clear that £ projects in a partial tensor field £ : F ^ TP since 
the flow of each d/dyj, j = 1, ..., n — r, preserves £. For proving the remainder 
properties of £ consider the product manifold M x MJ" endowed with coordi- 
nates (xi, ...,x„,yi, ...,y„,^i, ...,Z2m'), where (y„_r+i, •••,2/n) are the canonical 
coordinates of W, and identify M to M x {0}. As before forms on N, or 
on M, will be regarded, in the obvious way, as form on M x W when neces- 
sary. On this last manifold set fl — X]7=i ^^j ^ ^Vj + X]fc=i dz2k-i A dz2k and 
ill = T^^j^i 0'jdxj/\dyj+Yl^=n-r+i adxjAdyj+fl'i. Then L o fl = L_o_ili = 0, 
j = l,...,n. 

Let H and ilk be the (1, l)-tensor field and the 2-form defined by fli{X, Y) = 
n{HX,Y) andOfc(X,r) = n{H''X,Y), keZ, respectively (obviously f^o = ^)- 
Then Hd/dyj = aj d/dyj , j — l,...,n — r, Hd/dyj = ad /dyj , j ^ n — r + 1, ...,n, 
and flk = J2'jZi a'jdxj A dyj + X]J=n-r+i <^''dxj A dy^ + n'f. where fl'f. does 
not contain any term involving dyi, ...,dyn and its coefficient functions do not 
depend on y = (yi, ..., j/„). 

As (ixfl) oH ^ n{X, H ) == n{HX, ) = rJi(X, ), one has dx^ oH = 
ajdxj and dyj o H = a-jdyj + Aj, j = l,...,n — r; dxj o H = adxj and 
dj/j o H ^ adyj + Aj, j = n — r + 1, ..., n, where Ai, ..., A„ are functional combi- 
nations of dxi, ..., dxn, dzi, ..., dz2m' whose coefficients do not depend on y. By 
the same reason each dzk o H, k = 1,...,2to', is a functional combination of 
dxi, ..., dxn, dzi, ..., dz2m' and its coefficients do not depend on y. 

Thus, if TTi : M X K'' — > M is the first projection, the tensor field H projects 
in J on A^ through ttjv o tti and in a tensor field G on P through ttp o tti . In 
turns G projects in J via t: : P ^ N. 

On the other hand if r = X]i=i fj'^^j then its J7i-hamiltonian X]?=i^ '^7 fj^/'^yj' 
jy^=n-r+i '^^^fj9/dyj equals the 51-hamiltonian of r o J^^ = Y^^j=i <^J fjdxj + 
^"^^_^ , j^ a^^/jdxj. Therefore the fii-hamiltonians of ai,...,ar, or the il- 
hamiltonians of ai o J^^,...,^^ o J^^, define a r-dimensional foliation ^o on 
M X W transverse to the first factor, which is r^i-symplecticly complete since 
ai, ...,ar are closed and i7-symplecticly complete because ai o J^^, ..., a^ o J^^ 



regarded on N define the foliation w{Q) (recall that a foliation is called sym- 
plecticly complete if its symplectic orthogonal is a foliation too; see [S]). 

Let tt' : M x K'' — ^ the canonical projection in the local quotient. 

Then n' : M — )■ is a diffeomorphism. Moreover as ^o is bi-symplecticly 

complete, the Poisson structures Aq and Aq^ , associated to ft and ili respec- 

Af X IK"" 
tively, project m two Poisson structures A and A^ on . But the re- 

Ao 

striction of of ai o J^^, ..., a^ ° J ^ and fl to M defines A and that of ai, ..., a^ 

and ill defines Ai, so n' : M — ?> transforms (A, Ai) in (A',A'j^) as a 

straightforward algebraic calculation at each point (p, 0) shows [or apply lemma 
1.4 of m to T(p,o)(M X W), Ab,0), r(p,o)(M x {0}), n{p,Q) and f^i(p,0)]. 

This last construction only needs the properties of Q;i,...,ar and J on N 
but not the compatibility of A, Ai, which may be expressed by means of 17, fli. 
More exactly: 

Proposition 1.1. The Poisson structures A, Ai are compatible if and only 
if ai A ... Aar Adil-z = 0. 

For proving this proposition we need some auxiliary results. 

Lemma 1.3. On an even dimensional manifold M consider a couple of 2- 
forms /3,/3i such that rankj3 — dimM everywhere. Let K the (1, 1) -tensor field 
defined by /3i — I3{K, ) and set j32 — I3{K'^ , ). Then for any vector fields 
Ari,A"2,A'3 one has: 

dl3i{Xi,KX2,X3). 

Proof. As the foregoing formula is tensorial, one may assume [Ari,X2] = 
[Xi, ATa] — [^2, A'a] = without loss of generality. Then [recall that I3{K, ) ~ 
/?( :K)]: 

dP2{XuX2, X3) = Xili{KX2, KXs) - X2p{KXi,KX^) + X^P{KXi,KX2) 
dl3i{KXi,X2,X3) =. {KXi)p{KX2,Xs)-X2/3{KXi,KX3)+X3/3iKXi,KX2)- 
/3iK[KXi,X2lX3]) + (3{[KXuX3],KX2) 

dl3iiXi,KX2,X3) = Xil3{KX2,KX^)-{KX2)p{KXuX3)+X3p{KXi,KX2y 
PiK[Xi,KX2lX3])~l3{[KX2,X3],KXi). 

Therefore the right side of the formula becomes: 
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{KX^)13{KX2,X^) - {KX2)l3{KXuX^)+XzmXi,KX2) - f3{K[KXi, X2] + 
K[Xi,KX2lX3)+(3{[KXi,X3],KX2)-l3{[KX2,X3lKXi)^l3{NK{Xi,X2),X3) + 
d(3{KXi,KX2,X3). D 

Corollary 1.3.1. Assume J3,j3i symplectic and setr — l3i((K +tl)^^ , ) = 
^{{I + tK-^)-\ ). Then 
dT{{K+tI)Xu{K+tI)X2,{K+tI)X:i)^tp{NK{Xi,X2),X^) = -tdl32{Xi,X2,X^). 

Remark. At each point {K+tl)^^ and {I +tK^'^)~^ are linear combination 
of powers oi K ^ so t is a 2-form on its domain of definition. 

Proof. From lemma 1.3 applied to /3,/3i and iiT follows (i/32 = —/3(A^_ff( , ), ). 

On the other hand, applying this lemma to r, j3i and K + tl and taking into 
account that Nk = N(K+ti) and t{{K + tif, ) = (ii{{K + t/), ) yields: 
T{NK{Xi,X2),X:i) + dT{{K + tI)Xu{K + tI)X2,X^) = -dh{Xi,X2,X:i) - 

Hence by replacing X^ by {K + tI)X^ follows: 
dT{{K + tI)Xi, {K + tI)X2, {K + tI)X^) = P{Nk{Xi,X2), {K + tI)X:i) - 
t{Nk{Xi,X2),{K + tI)X3) = (3{Nk{Xi,X2),{K + tl - {I + tK-')-\K + 

tI))X3)=tP{NK{Xi,X2),X3) = -td(32{XuX2,X3). D 

Let us prove proposition 1.1. Locally always there exists t ^ such that 
/+ti7^^ is invertible. Since Ao+iAoi is the dualbivector of 0((/+tiJ^^)^^, ), 

it projects in A' + iA'^ and tt' : M -> transforms A + tAi in A' + iA'^, the 

bivector A + tAi is given by the restriction to M [always identified to M x {0}] of 
r2((/+ti/-i)-i, )andaio(i/+t/)-i,...,aio(iJ+t/)-''. Indeed if f7i(Y,, ) == 
aj, j = l,...,r, then Yi,...,Yr span Ao and n{{I + tH^^y^Yj, ) = ni{{H + 
tI)-%, )^a,o{H + tI)-\j = l,...,r. 

On the other hand each aj o [H + tl)^^ is the pull-back of aj o ( J + H)^^ 
and ai o ( J + tl)^^, ...,ar o ( J + tl)^^ define the foliation w(t). So ai o [H + 
t/)^^, ..., aro[H + tl)^^ define a foliation on M x K'' and, by restriction, on M. 
Thus A + tAi is a Poisson structure, that is (A, Ai) bihamiltonian, if and only if 
il((/ + tiJ^^)^^, ) is closed modulo dpn-r+i, •••, di/n, (Xi o (iJ + tl)^^, ..., a^ o 

(H + tiy^ when Pn-r+l = ■■■ = Vn =0- 

But the coefficients of _ff do not depend on y and {I + tH^^)^^d/dyj equals 
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{l+taj'^y^d/dy-i iij<n-r and {l + ta-^y^d/dy-j if j > n-r + 1, so n{{I + 

where il" do not contain any term involving dyi, ...,dyn and its coefficients do 
not depend on y. 

Therefore, since dQ.{{I + tH~^)~^ , ) = dfi", the pair (A, Ai) is bihamiho- 
nianifandonlyif(aio(i/+f/)-i)A...A(aro(iJ+t/)-i)Arff7((/+fiJ-i)-i, ) = 
0. 

From coroUary 1.3.1 apphed to Vt, Vti and H foUows df7((/+fiJ-i)-\ )((H+ 
tl) , (H + tl) , (H + tl) ) = —tdil.2, so the above condition holds if and only 
if ai A ... A a^ A dQ2 = 0, which finishes the proof of proposition 1.1. 

Lemma 1.4. //A, Ai are compatible then ol\ A ... A a^ A Nq — 0. 

Proof. Since Nq is the projection oi Nh it suffices to show that Nh {Xi,X2) 
is a functional combination of d/dyi, ...,d/dyn if A"i, ^2 G Ker{ai A ... A a^)- 
By proposition 1.1, dQ.2 = Yl\=i^j ^ ^j ''^ dVl2{Xi,X2, ) is a functional 
combination of ai, ..., ctj.. 

From lemma 1.3 applied to il, l^i and _ff follows Q,{Nh{Xi^X2), ) = 
—dil2{Xi,X2, ), which implies that il{NH{Xi,X2), ) is a functional com- 
bination of ai, ...ar. Therefore Nh{Xi, X2) has to be a functional combination 
oid/dyi,...,d/dyn. □ 

Lemma 1.5. Assume A, Ai compatible. Then G is a prolongation of L 

Proof. As before M is identified to M x {0} (Z M xW and ttp otti ~ np on 
M. First note that H{ImKi) C ImK modulo 9/9j/„-r+i, •••, d/dyn since on M 
forms ai, ..., a^ define ImKi and forms aio J~^, ..., aroj^^ define ImK. On the 
other hand if Y belongs to ImA modulo d/dyi, ..., d/dyn then K{{iY^)\TM^ ) 
equals —Y modulo d/dyi, ..., d/dyn. 

Now consider X G /rriAi; then Ai{{ix^i)\TM, ) = ^AT. But ix^i — 
iHX^ and ffX belongs to ImK modulo d/dyi, ..., d/dyn, so K{{ix^i)\TM: ) 
equals —HX modulo d/dyi, ..., d/dyn, that is to say ^([X]) = [(Tri)*,//^]. Fi- 
nally projecting on P via ttp yields ^((7rp)^X) = {Trp)^{{Tri)^HX) = {iTp oTri)^{HX) 
G((7rpo7ri),X) = G((7rp),X). D 
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Let us see that (J^, i') is a weak Veronese flag. Since G projects in J, the 
morphisni H : T ^f TP projects in ^ = J\w{oo) ^nd HA C »4. As ui is a Veronese 
web there is no ^-invariant vector subspace of positive dimension and ^*a is 
closed on w{co) for any closed 1-form a such that Kera D w{oo). Pulling- 
back via n : P ^ N shows that conditions 1) and 3) hold. Finally as J-" = 
Ker{ai A ... A a^) on P, lemmas 1.4 and 1.5 imply Ni ~ 0. 

When we pointed out the existence, at each, point of an algebraic projection 
of ^ it was showed that uji — uj{i, ) [more exactly that cji — Lu{ip, )]. There- 
fore {T, £, CO, LUi) will be a Veronese flag if condition 3) of this second definition 
holds. 

Lemma 1.6. On an open set P' of P consider functions /, /i, ..., fk, k > 0, 
such that ai A ... Aar A ... A dfi A ... A dfk has no zero. Assume closed i*df along 
the foliation Ker{ai A ... Aar A ... A dfi A ... A dfk). Then {Lxfi){Ker{ai A ... A 
a-r A ... A dfi A ... A dfk)){q) is contained in the vector subspace of TqP spanned 
by Xf^{q), ...,Xfi^{q) whenever q d P' . 

Proof. Let Xf,Xf\,...,Xff. be the il-hamiltonians of /, /i, ..., /^ regarded 
as functions on an open set of M x W. A straightforward calculation shows 
that Xf , Xf-^ , . . . , Xfi, project in Xf , Xf-^ , . . . , Xf^, ; in particular Lj^ H projects in 
LxjG. 

On M X IK*" one has ai A ... A ar A dfi A ... A dfk A d{df o H) = since 
aiA...AarAdfiA...AdfkAd{dfoG) = on P. Therefore ai A... AQ!r.Ad/iA...A4ffcA 
Lj^ r^i = whence locally L-^ fli — X^^i ^j ^'^j +X]i=i l^i^dfi. But Lj^ i7i — 
L^^{n{H, ))^^{L^H, )so^{L^H, ) = E;=i A, Aa, +Eti M^ Ad/,; 
this implies that L^^H = Y.]^^ X'^ ® a^ + ^^'^=1 ^" ® A^ + YlLi ^^ '^ df^ - 
Yj^^i Xf. (g) Hi where X", ..., X" are functional combination of d/dyi, ..., d/dyn. 
Thus the projection on P of L^ H sends Ker{aiA...Aar A... A dfi A...Adfk){q) 
into the vector subspace of TqP spanned by Xf^ (q), ..., Xf,, (q). D 

When fc = from lemma 1.6 follows the third condition of the definition of 
Veronese flag. Thus {T,£,uj,uJi)is a Veronese flag. 

1.2. The bihamiltonian structure over a (l,l)-tensor field and a 
foliation. 
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This second part contains a kind of inverse construction of that of sub- 
section 1.1. Here, under some assumptions detailed later on, one will associate 
a bihamiltonian structure defined on a quotient of the cotangent bundle to a 
(1, l)-tensor field and a foliation. 

Let iV be a n-manifold. Recall that on A^T*N it is defined a r-form R, called 
the Liouville r-form, as follows: li vi,...,Vr G T^(A'"r*iV) then R{vi, ...,Vr) — 
/i(7r*iii, ..., TT^Ur) where ir : A^T*N — > iV is the canonical projection. In turn 
^ — dR will be named the Liouville (r + l)-form of A^'T*N. When r = 1, 
that is on the cotangent bundle, the Liouville forms will be denoted p and cj 
respectively. 

Given a skew-symmetric (1, r)-tensor field H on TV, in other words a section 
of TN ® AT*]V, let ipn ■ T*N -^ AT*iV be the morphism of vector bundles 
defined by iph{t) = toH, that is (p/f (''')( vi, ...,Wr) — t{H{vi, ..., Hvr)). Set 

Lemma 1.7. On a real or complex vector space V of dimension 2n, consider 
a 2-form a of rank 2n and a {r+l)-form /3. Then there exists h G V<S>A^V* con- 
necting a and /3, that is to say such that /3{vi, ..., Wr+i) = a{h(vi, ..., v^), Wr+i); 
vi, ..., Ur+i G V . Moreover h is unique and a{h{vi, ..., Vr), fr+i) 

= a{Vr,h{vi, ...,Vr-l,Vr+l)), Vi,...,Vr+l G V. 

Conversely, given a2-forma andh G V()SiA''V* such that a{h{vi, ...,Vr),Vr+i) 
— a{vr,h{vi, ...,Vr-i,Vr+i)), vi,...,Vr+i G V, then setting /3{vi,...,Vr+i) = 
a{h{vi, ..., Vr), Vr+i), Vi, ..., Wr+1 G V, defines a {r + l)-form j3. 

The foregoing lemma gives rise to a skew-symmetric (l,r)-tensor field H* 
on T*N connecting uj and (— l)''+^a;i, which will be called the prolongation of 
H (to the cotangent bundle). 

Given coordinates x = {xi,...Xn) on N let {x,y) ~ (xi, ...x„, j/i, ..., j/„) be 
the associated coordinates on T*N. Denote by m{r) the set of all the r- multi- 
index K : ki < ... < kr whereas dxx will mean dxk-^ A ... A dxk^ (as usual 
elements of ?7i(l) will be represented by small letters). On the other hand K(j), 
where 1 < j < r and r > 2, will be the clement of ?7i,(r — 1) obtained by deleting 
the term kj oi K. Assume that H = J2j£m(i) Kemir) hjK{d/dxj)®dxK-, then: 
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jem{l),Kem{r) \ ^ a=l ^'^^ / 



Therefore one has: 

(a) H* projects in H. 

(b) Let ^ be the radial vector field on TN* [in coordinates £_ — X]?=i Vj^/'^yj] 
then L^H* = 0. 

(c) livi,V2 are vertical vectors then _ff*(wi, W2, •••) = 0. 

(d) Set \{Xi,...,Xr+i) = uj{H*{Xi,...,Xr),Xr+i), which defines a (0,r + 1)- 
tensor field. Then A is a closed (r + l)-forin. 

These four properties characterize the prolongation of H to TN* . More 
exactly: 

Proposition 1.2. If a {l,r) -tensor field H' defined on TN* satisfies (a), 
(h), (c) and (d), then H' = H* . 

Proof. The tensor field Hi = H' — H* satisfies (b), (c) and (d), and its 

projection on N vanishes. So in coordinates (x, y): 

d d 

Hi= ^ IjaKj— ® dya A dxK + ^ ^^^'b~ "^ '^^^' 

j,aem(l),Kem(r-l) ^^ jern(l),Lem(r) ^"' 

But L^Hi = therefore ^ • fjaK = and S, ■ Qjl ~ 9jL- In other words, each 
function fjaK only depend on x and gjL{x, 0) = for every j G m.(l), L G m{r). 

Let Ai be the closed (r + l)-form defined by Ai(Xi, ...,Xr+i) 
= Lu{Hi{Xi, ..., Xr), Xr+i). Then if K is the multi-index fci < ... < fc^-i one 
has [recall that cj ~ X]i=i dyj A da:;^]: 
Ai {3/ dya, d/dxk^ ,..., dldxk^_^, d/dxj){x, 0) 

= uj{Hi{d/dya,d/dxki,...,d/dxk^_^),d/dxj){x,0) = /jaK (a;), whereas 
Xi{d/dxj,d/dxki, ..., d/dxk^_^,d/dya){x, 0) 

= uj{Hi{d/dxj,d/dxki,...,d/dxk^_J,d/dya){x,0) = 0. 

Therefore /jaK = and Ai = X)sem(r+i) ^s^xs where each function hs 
only depend on x since rfAi = 0, which implies L^Ai = 0. But L^uj = uj and 
L^Hi = so L^Xi = Ai. Thus Ai has to vanish and Hi = 0. D 
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Proposition 1.3. Given a (1, 1) -tensor field H on N then the prolongation 
of Nh equals Nh* ■ 

Proof. By construction Nh* satisfies (a), (b) and (c) with respect to Nh- 
Therefore it sufBces to show that setting X{Xi^X2,X-i) — uj(Nh* {Xi, X2), X^) 
defines a closed 3-form, which immediately follows from lemma 1.3 applied to 
w, cji and H* . D 

Now suppose that H is an invertible (1, l)-tensor field and Q a r-codimensional 
foliation both of them defined on N. Assume that: 

1) a o iJ is closed on Q whichever a is a closed 1-form such that Kera D Q , 

2) the restriction of Nh to Q vanishes. 

Then {H + t/)^, t G K, is a r-codimensional foliation on the open set At 
of all points of N where H + tl is invertible. Indeed, reason as in the first 
paragraph after lemma 1.1. 

Let CJo be the w-orthogonal of the foliation 7r7i(i/^) = {v e T{T*N) \ n^v e 
HQ}, which equals the wi-orthogonal of the foliation n^^{G) = {v E T{T*N) \ 
T^*v G Q} because lui = uj{H*, ) and H* projects in H. Note that Qo is a 
symplecticly complete foliation for lo and cji. On the other hand the quotient 
M oiT*N by Qo is globally defined and there is a projection n' : M -^ N such 
that tt' oTT — TT, where tt : T*N -^ M is the canonical projection. In fact, M can 
be regarded as the quotient of T* A^ by a vector sub-bundle and tt' : M — > iV as 
its quotient vector bundle. 

Since Qq is both lo and lui symplecticly complete, the Poisson structures A^^ 
and A^jj, respectively associated to co and wi, project in two Poisson structures 
A and Ai on M. 

Proposition 1.4. The pair (A, Ai) is a bihamiltonian structure. 

Proof. The proof is very similar to that of proposition 1.1. As the question 
is local one may suppose Q defined by closed 1-forms ai, ...,0;^; of course we 
will regard ai, ...,0:^ as forms on T*N by identifying aj and 7r*Q!j, j = 1, ...,r. 
Let {Yi, ...,Yr} the basis of Qq defined by lui{Yj, ) — aj, j — 1, ...,r. Given 
a point p E T*N consider a scalar t 7^ and a small transversal P to Qq, 
passing through this point, such that / + t{H*) is invertible around p [that 
is (/ + tH^^){TT{p)) is invertible], tt{P) is an open set of M and tt : P — > tt{P) 
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a diffeomorphism. It suffices to prove tliat tlie bivcctor A + tKi is a Poisson 
structure. Note tliat it is ttie projection of A^^ + tAi^^ wliicli, in turns, is tlie 
dual bivector of lo{{I + t{H*) )^^, ). But regarded on P by means of n : 
P — !> fr{P), tfie bivector A + tAi is given by tlie restriction to tlris transversal 
of w((/ + t{H*y^)-\ ) and u;((/ + t{H*y^)-%, ) ^ a^ o {H* + f/)-\ 
3 = l,-,r. 

On the other hand each aj o [H* + tl)~^ is the pull-back of aj o [H + tl)~^, 
and aio{H+tI)~^, ..., aroiH+tiy^ define the foliation {H+tI)g. So aio{H* + 
tl)^^, ...,arO [H* +tl)^^ define a foliation on T*N and, by restriction, on P as 
well. Thus A + tAi is a Poisson structure if and only if cj((/ + t(H*y^)^^, ) 
restricted to P is closed modulo ai o (H* +tl)^^, ..., ar o [H* + tl)^^. Therefore 
for finishing the proof it is enough to show that oj{{I + t{H*) )^^, ) is closed 
on T*N modulo ai o (H* + tl)-^, ...,ar o {H* + tI)-\ 

From corollary 1.3.1, applied to w, wi and H*, follows that 

d{Lj{{I + t{H*)-Y\ ))iiH*+tI) ,{H*+tI) ,{H*+tI) ) = -tdL02 
where a;2 = u;((_ff*)^, ). So the above condition holds if ai A ...Aa^ A(ia;2 = 0. 

By lemma 1.3 applied to uj, loi and H* one has dL02 — —uj(Nh'{ , ), ). 
Therefore duj2 — i^i, where wi = (ipNj^)*Q and fl is the Liouville 3- form of 
A'^T*N since, by proposition 1.3, the prolongation of Nh is Nh*- 

On the other hand q;i A...Aar A(</?Ar^)*i? ~ 0, where R is the Liouville 2-form 
of A^r*iV, because ai A ... A a^ A Nh — [calculate (</?Ar^)*i? on coordinates 
(x, y) such that ai — dxi,..., ar ~ dx^. Hence ai A ... Aa^ Awi = 0, as fJ = dR 
and Qfi, ..., Q!r are closed, and finally a\ K ... hoir t\ duj2 = 0. D 

Examples. 1) On N = K", n > 1, consider the foliation given by the closed 
1-form a = X]?=i ^^j ^^"^ the (1, l)-tcnsor field H = X]?=i hj{xj){d/dxj)(E)dxj 
where the functions hi,...,h„ never vanish. Then the associated bihamilto- 
nian structure (A,Ai), defined on M ~ T*(K'^)/Qo, has a symplectic factor 
of positive dimension at a point p G M if and only if h{TT'{p)) = where 
h = rii<7<fe<n('''i ^ ^fe)- I^ other words (A, Ai) is Kronecker just on the open 
set {hoT:')-'^{K-{0}). 

2) Now on A^ = M" — {0}, n > 1, consider the foliation Q defined by a = 
X]i=i x,^ dxj, where ai, ..., a^ are positive natural numbers, and the (1, l)-tensor 
field H = '^^^ij{d/dxj) CE) dxj. Then the associated bihamiltonian structure 
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(A, Ai), defined on M = T*(R" — {0})/^0) has non-trivial symplectic faetor on 
the closed set {h o 7r')^^(0), where h — xi ■ ■ ■ Xn, and is Kronecker on the open 
set {hoT:')-\R-{0}). 

Let (pt be the flow of the vector field ^ = Yl^=iio.j + ^)^^Xjd/dxj. As 
L^a — a and L^^H — 0, the foliation Q and the (1, l)-tensor held H project 
in a foliation Q and a (1, l)-tensor held H respectively, deflned on the quotient 
manifold N = (M"-{0})/G' where G = {0^ | fc e Z}. Obviously g and H satisfy 
1) and 2), which gives rise to a bihamiltonian structure on M = {T*N)/Qo. 
Moreover N is diffeomorphic to S^ x S*"^^. 

2. Some properties of Veronese flags 

The aim of this section is to establish two results on Veronese flags useful 
later on. Given a vector bundle E over a manifold P and a morphism H : 
E ^ E, we will say that H is 0-deformable if for any points p,q Cz P there 
exists an isomorphism between their fibers (p : E{p) — ;> E{q) such that H{p) = 
ip^^ o H{q) o (p. 

By technical reasons parameters are needed. Therefore consider a foliation 
Ti on a manifold P, a second foliation T <Z J-i and a morphism £ : J^ — ^ J^i, 
such that (J-", i) is a weak Veronese flag along J-i ; set r — dimJ-i — dimJ-. Let 
A be the foliation of the largest £- invariant vector subspaces (as in section 1) 
and TT : P — > iV a local quotient of P by A. Then N is endowed with the 
quotient foliations J^'i — T\l A and T' — T j A. Unless another thing is stated, 
the Lie and the exterior derivatives of tensor fields defined along a foliation, 
for example T\ on P or J-' i on N, will be considered along this foliation. By 
definition (a system of) coordinates along a ?7i-dimensional foliation Q will mean 
a family of functions j/i, ...,y,„, on an open set of the support manifold, such 
that dyiA, ...,Adym is a volume form along Q; in this case {d/dyi, ...,d/dym} 
will be the dual basis of {dyi, ..., dym}- 

Consider functions xi, ...x„ on N, such that dxiA...Adxn is a volume form on 
J^'i, and functions ai, ..., a„ constant along J-'i. Set J = X]?=i '^ji^/^^j) ®dxj 
where {d/dxi^ ...,d/dxn} is the dual basis of {dxi, ...,(ix„}. One has: 

Proposition 2.1. Let G : Fi ^ Fi he a morphism which extends i and 
projects in J . Assume that: 
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(a) i \a is 0-deformable, nilpotent and flat on each leaf of A, 

(h) ai,...,a„ never vanish, 

then around every point of P there exists a morphism G' : T\ -^ T\, which 

extends £ and projects in J , such that Nqi = 0. 

From proposition 2.1 follows: 

Lemma 2.1. Consider a morphism H : J- ^f J- where J- is a m-dimensional 
foliation on a manifold P. Suppose that H is 0-deformable and only has one 
eigenvalue. If H is flat on each leaf of J- then, around every point of P , there ex- 
ists a system of coordinates (zi, ..., Zm) along J- such that H — YlTk=i O'jkid/dzj)^ 
dzk where Ujk e K- 

Proof. Assume m < dimP otherwise the result is obvious. Consider co- 
ordinates {x,y) — (xi, ..., x„, 2/1, ..., j/m) defined on an open set B around a 
point of P, such that dxi = ... = dxn = gives J-. Let a be the eigenvalue 
of H: by taking H — al instead H we may suppose a == 0. Set £ ^ H and 
J = ^:-^aj{d/dxj)®dxj where oi, ...,a„ gK — {0}. By means of coordinates 
{x,y), J and H can be regarded too as tensor fields on B in an obvious way. Set 
G = J + H. It easily seem that {J', £) is a weak Veronese flag on B for which 
A = J- and the projected Veronese web is defined by J and dxi, ..., dxn- 

Let G" be the (1, l)-tensor field given by proposition 2.1. The characteristic 
polynomial of both G and G" equals (n?=i(^~'^j))^™; even more lTn(YYj^^{G' — 
ttjl)) = Ifn(W-^{G — Ojl)) = J- [here product means composition]. On the 
other hand, as Nq' ~ and n?=i(^ ^ %) ^^^ ^™ ^^^ relatively prime, locally 
B splits into a product following the foliations T = -/^?7i(J^ ■ j^(G" — Ojl)) = 
Ker{{G')"^) and /m((G")'") = i^er(n"=i(G' - ajl)). Thus one may consider 
coordinates {x,u) — {xi, ...,XmUi, ...,Um) such that T is given by dxi = ... = 
dxn — and Ini{{G')"^) by dui — ... = dum = respectively. Moreover 
G' = J + YlTk=i .fjk(u)(d/duj)(E)duk since Nq' = 0. But H is flat on the leaves 
of T and G' ~ = H, so X]7fe=i /jfe(")(^/^"j) ® '^^fe i^ ^^^ ^^"^ '^^'^ *^^^ choose 
functions zi, ..., Zm of u such that 

J2T,k=i l3k{u){d/duj) (g) duk = Y.J.k^i ^jk{d/dzj) (g) dzk, a-jk G K. D 

Lemma 2.2. Consider a tu- dimensional foliation T on a manifold P and 
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a morphism H : T ^ T. Suppose that H is 0-deformable and Njj = 0. Then 
along T , given a function f such that Kerdf D KerH and d{df oH) = 0, locally 
there exists a function g such that dg o H = df . 

Proof. As N^ ~ and H is 0-dcformablc, ImH is a foliation contained in 
T; moreover there exists a vector sub-bundle E oi J- and a morphism p : T ^f T 
such that F — E ® KerH and {p o H)\e — I ■ Set a = df o p; then a o H — df. 
From lemma 1.1 applied along J- follows that da(ImH , ImH) — 0, that is ctij^^^ 
is closed. Therefore locally there is a function g such that {dg — ol)\j^ij = so 
dgoH = aoH = df. D 

One will prove proposition 2.1 by induction on m = diniA. If m = the 
result is obvious; now suppose the proposition true up to dimension m—l. Note 
that in this case lemma 2.1 is also true if dimT < m — \. As the problem is 
local we may assume that T' is defined by r closed 1-forms ai, ...,0:^ along J^(, 
that is J, «!,..., ttr describe the associated Veronese web. Functions a;i,...,x„ 
and forms ai, ..., a^ can be regarded as defined on P in the obvious way (via tt). 
This allows us to consider coordinates (x, z) = (xi, ...,a;„, zi, ..., z^) along J-i 
such that dxi = ... = dx„ = defines A and, by means of (x, z), regard J and 
H — £|_4 as (1, l)-tensor fields along J^i. Moreover as KerG — Ker{H^_^) C A 
is a foliation since H\j^ is flat, coordinates (x, z) can be chosen in such a way 
that KerG is defined by dxi = ... = dxn ~ dzi — ... ~ dzm-s — where 
s = diniKerG. Then G — J + H + Yl^jLiid/dzj) (g) j3j where every j3j is a 
functional combination of dxi, ...,dxn and H — X]i=i X]a;=i .fjkid/dzj) ® dzk. 

But when i = m — s + 1, ...,m one has: 
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therefore dfjk/dzi = 0, j, fc = 1, ...,m — s, and ai A ... A a^ A {d/3j/dzi) — 0, 
j = 1, ..., ?Ti — s, since ai A ... A a^ A Nq = 0. Observe that it is the same proving 
proposition 2.1 for G or for G + ^^,^ Xj (E)aj where Xi, ...,Xr are vector fields 
tangent to A. So, by choosing suitable vector fields Ai, ..., A,., one may suppose 
df3j/dzi — 0,j — l,...,m — s, without loss of generality. 
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In this case Im(Lrgig^.\G) C KerG, i = m — s + 1, which aUows us to 
project G in a (1, l)-tensor field G defined on the local quotient P of P by 
KerG. Besides J-i, T, A and £ project in similar objects J-i, J-, A and £ 
on P, {x,zi, ...,Zm-s) can be regarded as coordinates along J^i, and A^ is still 
the quotient of P by ^; in particular ai,...,ar may be seem as forms on P. 
Obviously all these objects satisfy the hypothesis of proposition 2.1 and, by the 
induction hypothesis, there exists G" : J^i — > J^i, which extends £ and projects 
in J, such that Nq, — 0. Since G' — G — X]^=i -^j '^ '^j where Xi, ...,Xr are 
tangent to A by considering G + X]^=i ^j "^ '^j instead of G, where Xi, ..., Xr 
are tangent to A and project in Xi, ...,Xr, one may suppose Nq — without 
loss of generality. 

The characteristic polynomial of G equals (HtLi (^^"^i))^™"* since = diraA ~ 
m — s. As n?=i(^ ^ %) ^'^cl t™^" are relatively prime and Nq — 0, locally Fi 
splits into a product of two foliations A — I'm^JXj^ii^ ^ ^j^)) = Ker{G"^^^) 
and Q = Iin{G"^^^) — Ker{YYj^i{G — ajl))- Thus we may consider coordi- 
nates (w, X, u) = (wi, ..., Vb, xi, ..., Xn, Ui, ..., lim-s) on P such that ^1 is defined 
by dvi = ... = dvf, = 0, ^ by dvi = ... = dvh ~ dx\ = ... = dxn = 0, and Q by 
dvi = ... = dvb = dui = ... = dum-s = 0; moreover 

G = J2]=i o-jid/dxj) ® dxj + J2]^k=i .fjk{v, u)(d/duj) (g) duu. 

Now from lemma 2.1, applied to coordinates {v,u) and the (l,l)-tcnsor 
field X^Tfelfi fjk{v,u){d/duj) ® duk on A, follows the existence of coordinates 
(v,zi,...,Zm-s) such that 

J2T,k=i Ijk{'", u)i9/duj) ig) duk = Y.J,k=i o-jkid/dzj) (g) dzt, ajk G K. 

Thus dxj o G — ajdxj, j — 1, ...,n, and every dzk o G, k ~ I, ...,m — s, is 
a linear combination with constant coefficients of rfzi, ...,dzm~s- Consequently 
if xi, ..., Xm zi, ..., Zm-s are regarded as functions on P, since G projects in G, 
then dxj o G — ajdxj, j — 1, ..., n, and each dzk o G, k — 1, ..., to — s, is a linear 
combination with constant coefficients of dzi, ..., dzm~s- On the other hand, as 
N(Hf^) = 0, Kerdzk D Ker(H^_^) and d(dzk o i/)|^ = 0, by lemma 2.2 there 
exists a function gk such that {dgk o H)\j\^ = {dzk),j^. 

As Im{{H\j()*) is the annihilator in A of Ker{H\j^ and _ff|_4 is nilpotent 
and 0-deformable, around any point and among gi, ..., gm-s, we may choose 
functions Zm-s+i, ■■■,Zm-s, where s ^ s — dim{Im{H\j\^) n Ker{H\j\)), such 
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that Ker{H\jC) = {I'm{H\jC} n Ker{H\jC)) © Ker{{dzi A ... A dzm-g)\_^)- Now if 
Zm-g+i, ■■■, Zm arc functions such that Kerdzj D Im{H\^), j = m — s + 1, ..., m, 
and dzm-s+i A ... Adzm restricted to Ker{{dzi A ... A dz„i-s)\j\) docs not vanish 
anywhere, then z = {zi, ...,Zm) is a system of coordinates on A and (x, z) a 
system of coordinates on J-i. By construction dzj o G, j = m — s + 1, ...,m, 
equals a hnear combination with constant coefficients of dzi, ...,dzm-s plus a 
functional combination of dxi, ..., (ix„. 

In short, naming Zfc every function Zk allows us to suppose that in coordinates 
{x,z) 

G = YTj=i O'jid/dxj) (g) dxj + jyjLi TlT=i O'jkid/dzj) (g) dzk 

+ ET=rn-s+lid/dz,)^l3, 

where every ajk G K, each /3j is a functional combination of dxi, ...,dxn and 
{d/dzm-s+i, ■■■id/dzm} a basis of KerG. 

Besides, by linearly rearranging zi, ..., 2;^ if necessary, one may suppose that 
{d/dzx]y^^j^, for some subset L of {1, ...,to}, is a basis of G{A). 

But now Ncid/dzk, ) = Lci^o/dzkjG -Go Lq/o^^G ^ LG(d/dzk)G and 
ai A ... A ar A Nq = 0, therefore ai A ... A a^ A {df3j/dz\) = 0, \ e L, j = 
771 — s + 1, ...,m. Thus considering G + X]7"=i "''^j ® 0!j instead of G, where 
Xi,...,Xr are suitable functional combinations of d/ dzm-s+i, ■■■,d / dzm, and 
calling it G again allows us to suppose djij/ dz\ = 0, A G L, 7 = m — s + 1, ..., m 
without loss of generality. 

By lemma 1.1, dxj o Nq = dzk o Nq ~ 0, j — 1, ...n, k — 1,...,to — s. 
Therefore one has to study dzj o Nq when j ~ to — s + 1, ...to,. Note that 
each {(3j o J'^) o Nq — [here J~^ — X]"=i ai^id/dxi) dxi ], so dzj o Nq — 
(dzj — (3j o J^^) o Nq., j — TO, — s + 1, ...TO,, and from lemma 1.1 applied to 
dzj-PjoJ-^ andGfollows {d{dzj- l3joJ-^)){G,G) + {dzj - I3joJ-^)oNg = 
since (dzj—j3joJ^^)oG and {dzj—j3joJ^^)oG'^ equal zero or a linear combination 
with constant coefficients of dzi, ..., dz^-s- 

Hence 

dz,o7VG = (d(ftoJ-i))(G,G)==(d,(/3,oJ-i))(J,J)+ ^ /j.aI'^^^^^oJ 

A;— m — s+1 
\ /c— m — s+1 / 
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where dx is the exterior derivative with respect to a; = {xi, ...,x„) only [recall 
that {d/dzx}^^j^ is a basis of G{A) and d^j/dzx = 0]. 

Therefore the equation ai A ... A a^ A Nq = is equivalent to the system 



d.(ftoJ-l)+ f2 (AoJ-')A^^'^'°'^''' 



(1) 



1. ^1 '5^'= 

k—m — s-\-l 



A(ai o J-i) A ... A (ar o J-^) = 

j = ?Tl — S + 1 , . . . , TO 

By the same reason if G" = G+X;jL,„_^+i(9/5zj)(X)/3^-, where /3;„_,+i, ...,/?;, 
are functional combinations of ai, ...,ar whose coefficient functions do not de- 
pend on z\, A G L, the equation Nqi = is equivalent to the system 

{^ , 1 5((/3, +/3')o J-i) 

j = m — s + 1, ...,m 

In other words we need to show that given forms l3m-s+i---, (3m satisfying 
system (1), there exist forms /3^_g^]^...,/3^ such that system (2) is satisfied too. 

On N forms ai o J^^, ...,ar o J^^ define a foliation contained in J-'[ since 
ai, ...,ar, J give rise to a Veronese web along J-[; moreover around every point 
of N there exist indices 1 < fci < ... < kn-r < n such that dxk^ A ... A dxk^_^ A 
(ai o J^^) A ... A {ar o J^^) docs not vanish anywhere. As the order of functions 
xi, ..., x„ is arbitrary, we may assume dxiA...Adxn-rA{aioJ^^)A...A{aroJ^^) 
non-singular and consider coordinates y — (yi, ..., j/„) along 7^( such that j/i = 
Xi,..., j/„-r = Xn-r and Ker{dyn^r+i A ... A dj/n) = Ker{{ai o J^"'") A ... A (a^ ° 
J^^)); thus ai o J^^, ..., a^ ° J^^ and each /3' o J~^ are functional combination 
of dyn~r+i, ■■■, dy-n] in the first case the coefficients only depend on y and in the 
second one they do not depend on z^, A G L. Moreover one can assume that 
every /3j o J^^ is only combination of dyi, ..., dy-n-r] indeed if (ij o J^^ = jj + pj 
with 7j Adj/i A...Adyn-r = and pj Adyn-r+i A...Adyn = 0, it suffices replacing 
G by G - ET=rn-s+iid/dz,) (p, O J). 

On the other hand, linearly rearranging coordinates z allows us to suppose 
that {1,...,TO, — s} — i = {l,...,?Ti'} and {?Ti — s+1, ..., to,} — L = {to, — s + 1, ...,m — 
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3 + s'} where m' < m — s and s' < s (here m' = means {1, ..., m — s} C L and 
s' — that {m — s + 1, ...,m} C L). Now on P take a system of coordinates 

{v,y,U,w) = (wi,...,Ua+m',J/l,---,yn,'«i,...,Ws,Wl,---,Wm-m'-s) SUCh that dui = 

... ^ dva =0 defines Ti, Va+k ^ Zk.k ^ f, ...,m', Mj = z^-s+j, j = l,---,s, and 
Wk ~ Zrn'+k, k ~ 1, ...,m — ml — s. Set Tj — Prn-s+j ° J^^, j ~ 1, •••, s. Since 
/3m-s+j and P'„i-s+j '^^ '^ot depend on z\, A G L, our problem may be stated 
in coordinates {v,y,u), that is on a manifold P' of dimension a + to' + s and 
along the foliation Q' defined by dvi = ... = dva+m' = 0, as follows: 

Given 1-forms tj — X]fc=i fjkdyk, j = lj---,s, where functions fjk do not 
depend on Us'+i, ...jUs such that 

(3) c^(s/i,...,y„-.)^j + Z! ^' '^ a^ = 0' •?' = 1' •••' ■^' 

i— 1 * 

find forms tj = tj + Yl'k=n-r+i fjkdyk, j = l,---,s, where each fjk does not 
depend on Us'+i, ■■■,Us such that 

(4) dyTj+"^T^A-^=0, j^l,...,s, 

i—l 

(here (i(j,j^ j/„-r) ^^^ ^y are the exterior derivative in (yi, ...,y„_r) or y = 
{yi,...,yn) respectively). 

Lemma 2.3. Forms ti,...,Ts always exist locally. 

Proof. As a straightforward calculation shows, system (3) is equivalent to 
say that vector fields Xk = d/dyk + X]5=i fjkd/duj, k ~ 1, ...,n — r, commute 
among them. 

An analogous statement holds for system (4). 

In turn, functions fjk do not depend on m^'+i, ..., Ug if and only if Xi, ..., Xn-r 
commute with vector fields Yi, ..., Kj-s', where each Yi — d/dug'+i- 

Since by hypothesis Xi, ..., A"„_r,^i, •••,5^s-s' commute and are linearly in- 
dependent everywhere, along Q' and around every point, there exist coordinates 
vi,...,Vn+s such that vi = j/i,...,i^„ = y„, Xk = d/dvk, k = l,...,n-r, and 
Fj = d/dvn+s'+i, i = 1, •••, s - s'. 
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Set Xk = d/dvk when k = n — r+1, ...,n. Then in coordinates (j/ju) one has 
Xk = d/ dtjk + X^i^i fjkd/duj, k = n — r + I, ..., n. Moreover by construction 
Xi,...,X„,Yi,...,Ys-s' commute among them, so forms r, = J2k=i fjkdjjk = 
'''j + I]fe=n-r+i fjkdyk, j = 1, •••, s, satisfy system (4) and functions fjk do not 
depend on Ms'+i, ..., Ug. D 

Now proposition 2.1 is proved. 

The next step wih be extending this resuh to Veronese flags. Therefore 
let uj,uji be a symplcctic form and a closed 2-form, respectively, defined on 
A. Suppose that [J^^t^Lo^LOi) is a Veronese fiag on P or at some point of P 
both along J^i [in the second case by definition condition 3') has to hold on 
neighbourhoods on P of this point] . Set dimA = 2m (now the dimension of A 
has to be even since lo is symplectic). 

Theorem 2.1. LetG : Ti ^ Ti he a morphism which extends £ and projects 
in J. Assume that: 

(a) £ \j[ is 0-deformable and its characteristic polynomial equals (t — a)'^'"^ where 
a eK, 

(h) functions ai, ...,an never take the value a, 

then around every point of P such that {J-,£,uj,uji) is a Veronese flag at it 
there exist a morphism G' : T\ — > J^i, which extends £ and projects in J , and 
functions zi,...,Z2m such that (xi, ...,Xn, zi, ..., Z2m) is a system of coordinates 
along T\, 

G' == I]"=i o-]{<^/dxo) ® d.Xj + I]^,T=i o.jk{d/dzj) (g) dzk, 
where every Ojk G IK, and uj,loi are expressed with constant coefficients relative 

to (dzi)|^,...,(dz2m)|_4. 

Again, one will prove theorem 2.1 by induction on to. If ?n = the result is 
obvious; now suppose the theorem true up to to, — 1. Note that we may assume 
^\A nilpotent by considering G — al, £ — al and loi — au instead of G, £ and lui. 
Then KerG — Keruji C A; so KerG is a foliation since uji is closed. Consider 
coordinates (x, z) ~ (xi, ..., x„, zi, ..., zim) along T\ such that dx\ = ... = dxn = 
dzi = ... = dz2(m-s) = defines KerG, where dimKerG — 2s. Reasoning as in 
the proof of proposition 2.1 allows us to assume G projectable in a tensor field 
G, defined on the local quotient P of P by KerG, and consider the objects ^i. 
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T , A and i with the obvious difference that now dimA is even. Thus (T, A) is 
a weak Veronese flag along Ti . 

On the other hand uji projects in a symplectic form (D on A. By lemma 
1.3 the 2-form oj2{X,Y) = uj{£X,Y) is closed and Keruj2 D Keroji = KerG; 
therefore it projects in a closed 2-form Cji on A such that Cji — (D(£, ), and 
{T,£,oJ,uJi) will be a Veronese flag if we are able to check the third condition 
of the definition of this notion. 

Let h he a function on an open set of P such that i*dh is a closed form on 
^, that is such that ai A ... A a^ A {d(dh o G)) = 0. Regarded on P one has 
dh(KerG) = and aiA...AarA(d{dhoG)) = 0. In particular, locally and along 
J^i, dh = jioG for some 1-form j3 and, by lemma 1.1, one has d/3{G, G) + d(dho 
G) + /3o No = 0. Hence, as ai A ... A a^ A Nq = ai A ... A a^ A {d{dh o G)) = 0, 
results ai A ... Aur Adf3(G,G) = 0, that is (ai o J^^) A ... A{arO J^^) Adf3 = 0. 

But Qfi o J~^, ...,ar o J^^ define a foliation, therefore /? = dg modulo ai o 
J~^, ...,ar o J^^ for some function g. Thus ai A ... A a^ A (dg o G — rf/i) = 0, 
whence cti A ... A a^ A (^((iy o G)) = 0; in other words £*dg is closed on T. 

Let X be the w-hamiltonian of g. From (xii(X, ) = oj{GX, ) = — (dg o 
G)|^ = — (i/i|^ follows that the projection X oi X onP is the (D-hamiltonian of 
h. But Lxi = since (J^, £, a;,a;i) is a Veronese fiag, so Lx£ = 0; that is to say 
{T,£,uj,uJi) is a Veronese flag too (everywhere or at some point). 

By the induction hypothesis, there exist a morphism G' : J^i — > J^i extending 
£ and projecting in J and functions zi, ..., Z2(m-s)i such that (xi, ..., a;„, zi, ..., Z2(m-s 
is a system of coordinates along Ti in which G", w and wi are written with con- 
stant coefficients. But G' — G = X]f=i -^j ® '^j where Xi, ..., X,- are tangent to 
^. Therefore considering G + X]^=i -^j ® Q^j instead of G, where Xi, ..., X^ are 
tangent to A and project in Xi, ...,Xr, allows us to suppose that G projects in 
G"; that is to say G" = G. 

On the other hand, proceeding as in the proof of proposition 2.1 shows the 
existence of vector fields Xi, ...,Xr, tangent to KerG, such that the Nijenhuis 
torsion of G + ^ ■ j^ Xj <S> aj vanishes; in other words one may assume Nq — 
0. Indeed, see (^,£), {J^,£) as weak Veronese flags and G, G like suitable 
prolongations of £, £ respectively. 

In short, only case to consider: in coordinates (xi, ...,x„, zi, ..., Z2(m_s)) G, 
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w, (Di are written with constant coefficients following theorem 2.f and Nq = 0. 

Regarded like function on P every dzk o G, k — 1, ..., 2 (to — s), is a linear 
combination with constant coefficients of dzi, ....dz2{m-s)] moreover dxj o G = 
ajdxj, j — f, ...,n. By lemma 2.2 there exist functions gi, ■■■, g2{m~s) such that 
dgk ° G ~ dzk, k ~ \, ..., 2{m — s). 

Since G\j^ — ii^ is 0-deformable and nilpotent, around any point and among 
9i,—,92(m-s), one can choose functions ^2(m-s)+i, •••, 22(m-g), where 2(s-s) = 
dim{G{A) n KerG), such that 
KerG = {G{A) n KerG) © Ker{{dzi A ... A d2;2(„_s) A d^2(m-s)+i A ... A d22(„_g))|^) 
Now if Z2{rn-s)+l^ ■■■,Z2m ^rc functions such that Kerdzj 3 ImG, j ~ 2{m — 
s) + 1, ..., 2to,, and dz2(m-s)+i A ••• A (iz2m restricted to 

Ker{{dzi A ... A dz2(m-s) A d22(„_s)+i A ... A (i^2(m-s))|_4) 
does not vanish anywhere, then (xi, ...x„, zi, ..., Z2(m-s)i ^2(m-s)+ij •••j ^2m) is a 
system of coordinates along J-\. By construction dzjoG, j = 2(to, — s) + f , ..., 2m, 
equals a linear combination with constant coefficients of dzi, ..., dz2(rn-s)- Thus 

G = I]"^i aj{d/dxj) dxj + X^^™! Efe^"^'' ^jk ® dzk 
where each Zjk is a linear combination with constant coefficients of 

d/dzi,...,d/dz2{,n-s),d/dz2{,n-s) + l,--,d/dz2m- 

Moreover, in these coordinates, wi and ^2 are written with constant coeffi- 
cients since Hj and uji are in coordinates (xi, ...,Xn, zi, ..., Z2im-s))- 

Let Xk be the cj-hamiltonian of Zk, k — 1, ...2{m — s), or f^, k — 2{m — s) + 
1, ...2m. Then uji{Xk, ) = Lo{GXk, ) equals —dzk o G or — dzfc ° G; in both 
cases a linear combination with constant coefficients of dzi, ...,c?22(m_s) because 
wi projects in Co. In other words 

Xk = Y.l=2{:m-s)+i fkzd/dz, + Eji"^'^ hkjd/dzj 
where each bkj G IK. 

In particular {zj,Zfe}^,j,fc = I, ...,2(m-s), and {zj,Zk}u:,i = 1, ..., 2(to-s), 
k = 2 (to, — s) + I, ..., 2?Ti, are constant [here { , j^^ and A^j are respectively 
the Poisson structure and the dual bivcctor on A associated to lo\. 

On the other hand, everywhere or close to some point, Lx^i — since dz^oG, 



or dzkoG, is closed. Hence aiA...AarALxi.G = 0. A straightforward calculation 
shows that Lx^G = - J2i=2{rn-s)+ii'^ / ^^^i) ® i'^fki ° G) , so aiA...AarA{dxfkiO 
J) = where dx is the exterior derivative with respect to x = (xi,...,x„); 
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that is (ai o J i) A ... A (a^ o J i) A da;/fei = 0, « = 2(to - s) + l,...,2m. 
In other words functions fki are basic for the fohation Q" C J^i defined by 

But {zk,Zi}i^ — fki, therefore A^^ and by consequence uj are written with 
coefficients which are t/"-basic functions. 

Lemma 2.3. Along a foliation J- of dimension 2m defined on a manifold P, 
consider a symplectic form X and functions /i, ..., fk such that dfi A ... A dfk has 
no zeros. Assume constant every function {fi,fj}, i,j — I,...,fc. Then locally 
there are functions gi, ...,g2m-k such that {fi, ..., fk,gi, ■■■,g2m-k) is a system 
of coordinates along J- and A is written with constant coefficients relative to it. 

Proof. It is just one of the version of Darboux theorem. D 

Puhing-back the functions given by lemma 2.3, apphed to the projections 
on the local quotient P/Q" of A, zi, ..., 2;2(m-s) ^nd cj, yields ^"-basic functions 
gi,...,g2s such that {xi, ...,Xn,zi, ...,Z2(m-s),9i, —,92s) is a system of coordi- 
nates along J-i. In this system lu and cji are written with constant coefficients 
[recall that wi is a constant linear combination of dzj A dzk, 1 < j < k < 2{m — 
s)]; by consequence the restriction of G to ^ is written with constant coefficients 
too and every {dgioG)\j\^ is a constant linear combination of dzii^, ..., dz2(m-s)\ a- 
Therefore in coordinates (xi, ..., x„, zi, ..., Z2(m-s), ^2{m-s)+i, ■■■, ^2m) each dgi o 
G equals d^gi o J plus a constant linear combination of dzi, ..., dz2(m-s)- 

But gi is tj"-basic, so d^g-i o J is a functional combination of ai, ..., a^- Thus 
in coordinates {x,z) = (xi, ...,Xn, zi, ...,Z2m) where Z2(m-s)+i = 9i, i = l,.-.,2s, 
one has: 

G = E"=i lAd/dxj) ® dxj + X;^"i J2l^=i''^ Cjkid/dzj) ® dzk 

+ Y.T=l {d/dz2(m^s)+i) ® Pt 

where every Cjk G K and ai A ... A a^ A /3i = 0, i = 1, ..., 2s. 

Now it suffices to set G' = G — X]j=i(^/^^2()n-s)+i) ® Pi for finishing the 
proof of theorem 2.1. 

3. The case of an eigenvalue function 

In the foregoing section one has studied Veronese flags with parameters when 
£|_4 is O-deformable and nilpotcnt (theorem 2.1). Here we will consider Veronese 
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flags for more general tensor field £\j^, which will be the main tool for establishing 
the splitting theorem of bihamiltonian structures. 

One starts introducing the notion of regular open set. Let Kp[t] be the 
polynomial algebra in one variable over the ring of differentiable functions on 
a manifold P. A polynomial (p £ IKp[i] is said irreducible if it is irreducible at 
every point of P. Two polynomials (^,-0 G Kp[t] are called relatively prime if 
they are at each point. Given a vector bundle E over P, of dimension to, and 
a morphism H : E ^>- E its characteristic polynomial ip — X]i=o ^i^'' belongs to 
]Kp[i]. Set gj = trace{H^). Since /iq, ..., /im-i are, up to sign, the elementary 
symmetric polynomials of the roots and each gj the sum of their j'-th powers, 
every function gj may be expressed as a rational polynomial of /iq, ..., hffi^i, and 
each function hj like a rational polynomial of 51, ...^gff^. In particular gj when 
J > TO + 1 equals a rational polynomial of gi, ..., g^. 

One will say that H : E ^>- E has constant algebraic type if there exist 
relatively prime irreducible polynomials ipi, ...,ipa G IKp[t] and positive integers 
o-jk, j = Ij •••, Tk, k — 1, ..., s, such that at each point p E P the family {^j^''° (p)}, 
j — l,...,rfe, k — l,...,s, is that of elementary divisors oi H(p). Let /i,...,/;j 
be the family of all significant coefficient functions oi ipi, ...,(ps G IKp[t]; that is 
/ when (fik = t + f and /, g if ipk = f^ + ft + g. Obviously /iq, ..., h^^i, and 
by consequence each gj, are rational polynomials of /i,...,/fj. Conversely, for 
every point of P there exist analytic functions Xk{ui, ...,Un) such that close to 
this point fk ~ Xk{gi, ..., gji), k — l,...,n (note that n < to). Indeed, assume 
the degree of every ipk equals one (otherwise complexify E and H) ; then n — s 
and it suffices to remark that the polynomial map P : K*^ — ?> IK", defined by 
P{^) = illk=i^kZk,Y.k=i^kzl,....,Y.k=i^kzl,) where each bu = Ej=i Ojfc, is 
a local diffeomorphism on the open set {z G IK" | Zj ^ Zkiij 7^ k} since the 
determinant of its Jacobian matrix equals c J^]^< ,j,< (zj — z^) with c G K — {0}. 

Let Bh be the set of all points such that around them H has constant 
algebraic type. 

Lemma 3.1. The set Bh is open and dense. 

Proof. One may suppose K = C by complexifying E and H if necessary. 
Given p G P let a be a root of (p{p) of multiplicity b. Then if e > is small 
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enough and q close to p, the sum of muhiphcities of the roots of (p{q) belonging 
to the disk D^{a) equals 6; indeed, this sum is the degree of the map e*'' G S*^ ^ 
(f{q){a + ee") \\ (p{q){a + ee^^) \\^^<eS^. Therefore the number of different roots 
of ip is locally constant on a dense open set P' of P. 

Now assume p E P' . Then there exist e > and an open set p E B C P' 
such that ip{q), q E B, has just one root on D^{a) and its multiplicity is h. 
Let A be the (6 — l)-dcrivative of ip with respect to t. Then {dX/dt){p,a) ^ 
and by the implicit function theorem applied to A and G C, shrinking B if 
necessary, there is a differentiable (holomorphic or C°°) function / : _B — > C 
such that —,f{q), q E B,is the root oi (p(q) on D^(a). Thus Lp = nfe=i(^ + Z*;)'''" 
around p where /i, ...,/s are differentiable functions, bi, ...,6s integers > 1 and 
Ili<j<k<sifj - fk) never vanishes. 

Finally, remark that the functions dimKer{{H + fkiy) are locally decreas- 
ing, so locally constant on a dense open set B' C B. D 

Suppose that _E is a foliation and Nh = 0; then jdgj-^-i = (j + l)dgj o 
H . Indeed, consider [E, H) as a weak Veronese flag (if codimE — regard 
the problem on K x P in the obvious way) and apply lemma 1.2. Therefore 
(~]JLiKerdgj{p) = r\"lrQ^Kerdhj{p) is a _ff-invariant vector subspace of TpP 
because each .g^ , j > m + 1 , is a function oi gi, ..., gff^ . 

One will be say that a point p E P is regular if there exists an open neigh- 
bourhood B oi p such that: 

(1) H has constant algebraic type on B, 

(2) n"LiKerdgj, restricted to B, is a vector sub-bundle of E and therefore a 
foliation, 

(3) H restricted to PiJ^iKerdgj has constant algebraic type on B. 

By lemma 3.1, applied to H and its restriction to n"LiKerdgj, the set of all 
regular points is a dense open set P, called the regular open set. 

To remark that if H has constant algebraic type on an open set D, then 
njLiKerdgj — Ci^^iKerdfj on it where /i,...,/k are the significant coefficient 
functions oi (pi, ...,ips. 

Consider a Veronese flag (T, £, uj, uji) on a manifold P or at some point of P. 
Let A be the foliation of the largest ^-invariant vector subspace (as in section 1) 
and TT : P — > A^ a local quotient of P by A. Set codimJ- — r, dimA — 2m and 
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dimN — n. Then N is endowed with a r-codimcnsional Veronese web whose 
hmit when t — ;■ cxd equals the quotient fohation T' = J- /A; moreover i projects 
in the niorphism i' associated to this Veronese web. 

Suppose that ip = (t — .f)^™ is the characteristic polynomial of £|^; then from 
lemma 1.2 follows df o £ = fdf on J-". Now assume that cJ/m never vanishes. 
Let Xf be the cj-hamiltonian of /; then Lxf£ = and £{Xf) = fXf since 
df o £ = fdf on J'. Denoted by P and n : P ^ P, respectively, the local 
quotient of P by Xf and its canonical projection. Consider coordinates (y, z) — 
(2/1, ..., y„, zi, ..., Z2m) on P such that dyi = ... = dyr = defines T, dyi = ... = 
dyn — the foliation A, f — Z2m and Xf = —djdzim-x- Thus (yi, ..-Tyn) can 
be regarded as coordinates on N, (j/i, ..., 2/„, zi, ..., Z2m-2, •Z2m) as coordinates on 
P and / as a function on this last manifold. Now it is obvious that Kerdf and 
J- n K erdf project in two foliations Ti and T on P, respectively, and (ij^nKerdf 
projects in a niorphism H : T ^ T\\ moreover ( J^, t) is a weak Veronese flag 
along T\ (locally any extension of I can be lifted to an extension of ^), whose 
foliation A of the largest ^-invariant vector subspaces equals the projection of 
A n Kerdf, P/A is identified to N x B, where B is an open neighbourhood 
of f{p) on IK, and Ti projects in the foliation of iV x _B by the first factor. 
Moreover, the Veronese web induced by {f', £) on each leaf N x {b} of this last 
foliation equals the pull-back, by the first projection tti : A^ x S — ^ iV, of that 
induced by {J^,£). 

On the other hand, since ixfi-^ ~ ^dfA and ixf'^i = ^{df o £)|_4 = —fdfj[, 
the vector field Xf belongs to Ker{uj\j(r, Kerdf) and Ker{uji\j^^ii^^^f), so t^i^nKerd/ 
projects in a symplectic form Co and ^i\Ar\Kerdf in a closed 2-form wi, both on 
A] besides uii ~ u}{£, ). The family (J^, ^, w,wi) will be called the symplec- 
tic reduction of {J-,£,uj,uji). For proving that this family is a Veronese flag it 
suffices to check the third condition of the definition. 

On N consider coordinates (xi, ...,x„) and a (1, l)-tcnsor field 
J = X]j=i o.j{d/dxj) ® dxj where ai, ..., a„ are scalars. 

Theorem 3.1. Let G be a (1, 1) -tensor field, which extends £ and projects 
in J, defined around a point p of P such that (J-,£,uj,uji) is a Veronese flag at 
this point. Assume that: 
(a) the characteristic polynomial of £\j^ equals {t — /)^™ where df\_^ never van- 



31 



ishes, 

(b) the Junction f does not take the values ai, ..., a„, 

(c) p is a regular point of £\j{, 

(d) the symplectic reduction of [T ,i,uj,uji) is a Veronese flag atTt{p), 

then around p there exist a (1, l)-tensor field G' extending (, and projecting in 
J and functions zi, ..., Z2m such that [x, z) — (xi, ..., x„, zi, ..., Z2m) is a system 
of coordinates, 

G' = YTj^i O'jid/dxj) (g) dxj + I]^_X^i hjk{z){d/dzj) (g) dzk 
and uj,uji are expressed relative to dzi\_^, ...,dz2m\A with coefficient functions 
only depending on z. 

Lets us prove theorem 3.1. Consider closed 1-forms ai, ..., a^ defining J^; by 
modifying the order of variables xi, ...,x„ if necessary one may suppose that 
dxi A ... A dxn-r A ai A ... A a„_r has no zeros. Since df o £ = fdf on J-, one has 
df oG = fdf + X]f=i ^j'^j ■ Now consider a vector field Y ^ A such that Yf ~ 1 
and set Gi = G— y®(^ ■ -^ hjaj); then dfoGi = fdf , which allows us to assume 
df o G ^ fdf by considering Gi instead of G and calling it G. On the other 
hand from d{df o G) = follows Lxfi — 0, that is ai A ... A a^ A LxfG = 0, 
whence LxfG = X]^=i ^j ® '^j! moreover Xi,...Xr (z A O Kerdf. Indeed, 
— Lxfifdf) — Lxj{df o G) ^ df o Lx;G and the projection on N of LxfG 
vanishes since G projects in J and Xf in zero. 

Around p there exist vector fields Fi, ...Yr G AnKerdf such that [Xf, Yj] — 
—Xj, j — 1, ..., r. Then Lxf{G + X]^=i ^j ® '^j) ^ ^^"^i t>y the same reason 
as before, we can suppose df o G ~ fdf and LxfG = 0. Thus Gixerd/ projects 
in a (1, l)-tensor field G defined along J^i, which extend i and projects in J 
(regarded along the foliation of A^ x _B by the first factor in the obvious way) . 

On the other hand {F , £ — fl, cu, uj\ — fuj) is a Veronese flag along T\ because 
/ is basic for this last foliation. Moreover near 7f(p) the tensor field {i — fI)\A is 
nilpotent (obvious!) and 0-deformable. Indeed, p regular implies the existence 
of positive integers ki, ..., kg such that, around this point, {t'^J , t'^^ }, j — 1, ..., s, 
is the family of elementary divisors of {£ — //)m [recall that every elementary 
divisor of £|_4 occurs an even number of times because uji = uj{£, )] whereas 
{{t*^^, t'^j}j=i^...^s_i,i'^^,t'^=^-^} is that of (£ — //)|_4nA'erd/; now a straightforward 
calculation shows that, close to 7f(p), the family of elementary divisors of {£ — 
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//)|^ has to be {{t'=^i'=^ },=!,.. .,,_i,t'==-i,i'=»-i}. 

Thus theorem 2.1 apphcd to G — //, {T , H — fl, Co, cji — fCo) and X^^il'^j ~ 
f){d/dxj) ® dxj yields coordinates (xi, ...,x„, zi, ..., Z2m-2) along J^i, which 
become coordinates coordinates (xi, ...,x„, zi, ..., Z2m-2, •Z2m) on P by setting 
•22m = /j such that dz2iyi = defines Ti, 

G - Z2ml = YJj=lio-0 - Z2m){d/dXj) ® dXj 



+ EiT=f ajk{d/dzj) (g) dzk + Ej=i Xj ® aj 
where Xi,...Xr 6 A and each aj^ G K, and (DjCJi — 22™'^ are written with 
constant coefficients. Moreover, considering G — X]^=i ^j ® '^j instead of G 
where each Xj G AClKerdf, commutes with Xf and projects in Xj, and linearly 
rearranging coordinates (zi, ..., Z2m-2) allows us to suppose tj = (X]fc=i dz2k-i/\ 
dz2k)\A a-iid 

G - Z2ml = Z]"=l("i ^ Z2m){d/dXj) ® dXj + Y.j"kZl o-ok{d/dzj) (g) dZk- 

If we regard zi, ..., Z2m-2, •Z2m as functions on P one has lu = (X]fe=i dz2k-i/\ 
dz2k + /^ A dz2m)\A- But cj is closed so (d/i A dz2m)\A — and one may choose 
a function Z2m-i such that dz2m-i A <iz2m equals /i A (iz2m on A] that is to say 
uj — (X]fe=i c^-22fe-i Arfz2fe)|^ and (xi, ..., x„, zi, ..., Z2m) is a system of coordinates 
around p. Now / = Z2m, Xf — —d/dz2m-i and G ~ Yl^=i '^ji^/^^^j) ® dxj + 
{d/dz2m-i) ® T + T where t is a functional combination of dxi, ...,dxn and 
T of (d/dzj) eg) dzk, j,k — 1, .-., 2m; moreover the coefficient function of these 
combinations do not depend on Z2m-\ since LxfG = 0. 

On the other hand uji = Z2m'^+^i+/3A((iz2mM) where fli is a constant linear 
combination of (dzj A dzk)lA^ ^ '^ j < k < 2m — 2, whose restriction to Kerdf 
projects in uJi — fuj, and /3 a functional combination of dziM, ..., dz2m-2\A whose 
coefficient functions do not depend on Z2m-i (recall that ixf^i = ^{df °£)\a = 
~fdf\A'i in particular Lxf^i = 0). Therefore as wi = uj{l, ) = lo{G, ) = 
uj{T, ) one has: 

T = Z2^mlz +H+ {d/dz2m^l) ® (3* ^ Z ® dz2m 

where Iz — X^fc^il^/^-^*;) ® dzk, Z is is the vector field functional combination 
of d/dzi, ■■■,d / dz2m-2 defined by the equation lo{Z, ) = /3, P* the extension 
of (3 to TP such that f3*{d/dxj) ^ 0, j — l,...,n, and H the constant lin- 
ear combination of (d/dzj) (g dzk, j,k — l,...,2m — 2, satisfying the relation 

iu{H, ) == Oi. 
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Set CI = Lu — {dz2m-i A dz2ra)\A- Then ili = f^(-ff, ) and iz^ =^ P- 

Note that any tensor field on P, partial or not, without terms including 
d/dz2m-i, d/dz2m, dz2m-i Or dz2m, whose coefficients functions do not depend 
on Z2m-i, can be regarded as a tensor field along the foliation Kerdz2m on P 
by projecting, via tt, its restriction to Kerdz2m- In coordinates {x,z) this is 
equivalent to delete coordinate Z2m-i and consider the tensor field along the 
foliation rfz2,n = 0. For the sake of simplicity both tensor fields will be denoted 
by the same letter. Among others that will be the case of Z, i/, il, f^i, /3 already 
defined and Z , j3 defined later on. 

Until the end of the proof of theorem 3.1 and for making calculations easier, 
D will denote the exterior derivative with respect of variables {zi, ...,Z2m-2)^ 
along ^ on P or ^ on P, and C the Lie derivative on P. As uji = Z2m{^ + 
{dz2m~i A dz2m)\A) + ^i + P /\ {dz2rn\A) is closcd onc has Dp — Cz^ = —^■ 

On the other hand NG{d/dz2m, ) = -^0(9/022™) ^ -Go Li^q/q^^^)G = 
—LzG—H+{d/dz2m-i)®^+Z'®dz2m with \Adxih...hdxn/\dziA...Adz2m-2 = 
and Z' A{d/dzi)A...A{d/dz2m-2) = 0. Now from ai A...Aar AiVc = follows 
LzG= -H + YJ'j^^Yj ® a-j + {d / dz2m-i) ® X + Z' ® dz2m, vfhereYi, ...,Yr (^ A 
because G projects in J on iV and Z in zero. 

Hence projecting on P, that is to say considering variables {xi, ..., x„, zi, ..., Z2m-2) 
and parameter Z2m, yields LzG = CzH = — -ff +X]^=i ^j®*^] where Yi, ..., Yr £ 
A, which is the foliation defined by dxi = ...dxn = dz2m = 0. 

Set G = G — Z2ml = X]?=i (% ^ Z2m){d/dxj (g) dxj) + H . Then on P one has 

n{z, ) = p,ni = n{G, ) = n(H, ) &ndCzG = CzH = -h + y.]^^Yj® 

aj. Moreover ai A ... A a^ A N^ — ai A ... A a,. A Nq ~ 0. 

Given an endomorphism 5* of a vector space V and a vector v (^ V , one 
will say that v is S-generic if v and S have the same minimal polynomial; in 
particular v y^ ii V y^ {0}. 

Lemma 3.2. Close to p on P and to Tt{p) on P the vector field Z is H- 
generic. 

Proof. First remark that, for any q (^ P, Z{q) is _ff-generic if and only if 
Z{Tr{q)) is iJ-generic on P. 

Assume dimA > 2, otherwise the result is obvious. Along A each il{H'', ), 
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A: > 0, is a constant 2-form and Cz{^{H'', )) = -{k + l)Q.{H^ , ); on the 
other hand Cz{^{H'', )) = D{n{H''Z, )). Now suppose the minimal poly- 
nomial of H equals t'^'^^ . Then il{H*' ^ ) never vanishes and by consequence 
H'^Z only does on a closed set of empty interior; otherwise Cz{^{H^ , )) — ^ 
on some non-empty open set. Therefore Z is iJ-generic almost everywhere 
around tt (p) on P and p on P. 

A straightforward calculation shows that the minimal polynomial of {£\a){q) 
is (t — fiq))^^"^ if and only if Z{q) is _ff-generie. So Z has to be i/-generie close 
to p since this point is regular. D. 

Let Z he a second vector field defined around p, functional combination 
oi d / dzi, ...,d / dz2m-2 with coefficient only depending on (zi, ..., Z2m-2), such 
that Z(p) = Z(p), L^n = -n and L^Oi = -2fii. Then L^H = -H on P and 
C^G = ^C^-ff = —H on P. The existence of a such vector field is clear since il 
and r^i are written with constant coefficients; for example take as Z a suitable 
linear vector field (just a linear algebra exercise) plus a constant one. 

Set f3 — il{Z, ). Then on P one has D/3 = — O and there is a function 
g — g{x, zi, ..., Z2m-2, Z2m) such that /3 = /3 + Dg and Dg{Tt{p)) ~ 0; moreover 
Z = Z — Xg where Xg is the r^-hamiltonian of g (recall that i7 is symplectic on 
A). 

Given a 1-form /i defined on a vector sub-bundle E by iJ.{KerH^) = one 
means ^{v) = for every v G E D KerH^ . It is clear that Dg{KerH^) = for 
some integer fc > 0. The next step will be to show that our problem reduces to 
the case Dg{KerH^+^) = 0. 

Set Pt ^ J3 + tDg and Zt ^ {I - t)Z + tZ, t e K. Then n{Zt, ) = f3t, 
Czt^ = —^ and Zt{Tt{p)) — Z{tt{p)), so Zt{n{p)) is iJ-generic. Moreover 
{CztG + H) Aai A ... A a^ = ((1 - t)CztG + tCzG + H) A ai A ... A ar = 
and (Cx G) A ai A ... A ar — since Xg ^ Z — Z. By technical reasons let us 
decompose the manifold P into a product of a n-manifold [variables (xi, ..., x„)], 
a (2™ — 2)-manifold [variables (zi, ...,22^-2)] a 1-manifold [variable {z2m)], and 
set 7f — (tti, 7r2, TTa) following this decomposition. 

On P X K consider coordinates (xi, ...,x„, zi, ..., Z2m-2, 22m,i) and the foli- 
ation dz2m = dt = 0, that is variables (xi, ...,Xn,zi, ...,Z2m-2) and parameters 
{z2rmt)- From proposition 4.1, applied to Zt, G, J7, i^i, A all of them regarded 
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along dz2m = dt = 0, 7Ti{p), 'n'2{p), the compact set K = {T^sip)} x [0,1] and 
g when a = c = c' = — 1, follows the existence of a function ft defined around 
K' = {Tf{p)} X [0, 1] such that: 

(1) Dft^K, - 0, 

(II) (CxtG) A ai A ... A ar — where Xt is the 51-hamiltonian of ft, 

(III) Dft{KerH^) ^ and D{Ztft + ft - g){KerH^+^) = 0. 
Therefore: 

(l)^t|K'-0, 

(2) Xt is tangent to ImH^ , 

(4) {Cx,l3t-Dg){KerH^=+^)=0. 

Indeed, assertions (1) is clear and (3) follows from he fact that ili = rt{G, ). 
For checking (2) remark that ImH^ is the il-orthogonal of ^ n KerH^ and 
KerVL{Xt, ) = KerDft D Ar\ KerH^. Finally, for assertion (4) take into 
account that Cx.Pt = CxA^{Zu )) - ^([^t,^t], ) = -CzA^{Xt, )) + 
{Cz.mXt, ) - D{Ztft + ft) and apply (III). 

Let ^s be the flow of the time depending vector field —Xt (on P x K one 
considers the vector field d/dt — Xt). As Xt\K' — 0, ^i is defined around 
7f(p) and it can be regarded as a germ of diffeomorphism at this point. By 
construction ^i preserves 7f(p), 17, ili, ai, ..., a^, Gi_^ = Htj^ and GAai A.-.Aar- 

Since Xt is tangent to A one has 

*l(x, 2;i,...,2;2m_2,22m) = (x ,<^(x , Zi, ..., Z2yn-2, Z2m) , Z2m) ■ 

Thus the pull-back by *i of G equals G + I]j=i ^ ® '^j "^it^ Yi,---,Yr e A, 
and that of G equals G + X]f=i ^ "^ '^j 

Now we construct a germ of diffeomorphism F, at point p, by setting 

F{x, z) == (x, $(x, Zi, ..., Z2m-2, 22m), 2:2m-l + ^{x, Zi, ..., Z2m-2, 2:2m), 2:2m) 

such that F{p) — p and F*uj ~ lo. Indeed, F*lu = O + {dz2rn-i A dz2m)\j[ + p A 
{dz2m\A) + {d^ ^ dz2m)\j[ whcrc (0 is a 1-form along ^; as = d{F*Lu) = dp A 
{dz2m\A) 01^6 may choose (p in such a way that (dip A dz2m)\j( = ^P A ((iz2mM)- 
On the other hand: 

F*{z2m^ + P A {dz2m\A)) = Z2m^ + + Dhi) A {dz2rn\A) 

where hi — hi{x, zi, ..., Z2m-2, Z2m) and Dhi{KerH^^^) — since D/3 — Df3 
and $ transforms l3^KerH''+^ i^i P\KerH''+^^ while 
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F*ni = ni + Dh2 A {dz2rn\A) 

where /12 — h2{x, zi, ..., Z2m-2, Z2m) because fli is closed. 
Let us see that Dh2{KerH''+^) = 0. Set 

'^six,Zi,...,Z2m~2,Z2m) = [x, Ipsix, Zi, ..., Z2-m-2, Z2m) , Z2m)- 

Since Xt is tangent to ^ n ImH^ = ImH'^, the flow vj/^ respects each leaf 
of the foliation AfMraH^ . Therefore (zi, ..., Z2m-2) and ips{x, zi, ..., Z2m~2, Z2m) 
belong to the same leaf of the foliation ImH^ regarded on the variables (zi, ..., 22^-2) 
only; by consequence {'4' s) ^{d / d Z2m) G ImH^ and, in particular, ^*{d/dz2m) G 
ImH^, whence {F,,{d/dz2m)~d/dz2m) £ ImH^; so set F^{d/dz2m) ~ d/dz2m+ 
H^V . As F respects A, Kerdz2m and -ff|ytnA:erdz2„ on.^ has F^,{Ar\KerH''^^ D 
Kerdz2rn) = AnKerH''+^ n Kerdz2m- But on P, ni{d/dz2m, ) = 0, 
ill = ^(ff, ) and n{H, ) = n{ ,H), therefore 

{F*ni){d/dz2m, A n KerH''+^ n Kerdz2m) 

= ni{F^{d/dz2m),Ar\ KerH''+^ n Kerdz2m) 
= il{H^+^V, A n KerH^+^ n Kerdz2m) 

= VL{V, H''+^{A n KerH''+^ n Kerdz2m)) = 

which implies Dh2{KerH^^^) = 0. 

In short _F*a;i = Z2,„w+fii + (/3+L)/i)A(dz2m|_4) where h = /i(x, zi, ..., Z2m-2, 2:2m) 
and Dh{KerH^+'^) ^ 0. 

Set 7 = f3 + Dh. Let 7* be the extension of 7 to TP such that ^{d/dxj) — 0, 
J = 1, ..., n, and U the vector field functional combination oid/dzi, ..., d/dz2m-2 
defined by uj{U, ) — J- Since G, up to the term {d / dz2m-i) ®t, is determined 
by cj, LOi and G, its pull-back Gp by _F is determined by F*u) ~ w, F*uji = 
Z2m^ + r^i + 7 A {dz2m\A) and G + ^ -^j^ Yj (8" ctj-; therefore reasoning as before 
yields 

Gf = Z]"=l <^j(9/dXj) (g) dXj + {dldz2m-l) ® T + Z2m4 + -ff 

+ (9/aZ2m-l) ® 7* - t/ «) (iz2m + YJ'j=l Yj <E) Uj 

where Yi,...,Yr G A and 7 is a functional combination of dxi, ...,dxn whose 
coefficients do not depend on Z2m-i- 

Clearly it suffices proving theorem 3.1 for Gp, F*uj and F*uji; even more 
the term X]^=i ^j ® '^j ^^ irrelevant and may be deleted. Thus a change of 
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notation (denote Gp by G, 7 by /3 etc..) allows us to assume j3 — /3 + Dh where 
h = h{x, zi, ..., Z2m-2, Z2m) and Dh{KerH''+^) = 0. 

Now we start the process again with Z + {Z — Z){p). Finally, after a fi- 
nite number of steps, we may suppose Z = Z + W where M^ is a constant 
vector field linear combination of d/dzi, ■■■,d/dz2m-2- Thus Z only depend on 

(Zl, ..., Z2m~2)- 

Lemma 3.3. On an open set of K.^^ endowed with coordinates {v, u) = 
(wi, ..., Ufe, m) consider a point q = {qi, ...,qk,q) and a tensor field T ^ ul + 
H — U ® du where H ~ ^^ ■ -^ aij{d / dvi) ® dvj, with each Oij constant, and 
U — '^j^i'i^j{v){d/dvj). Assume that U{q) is H-generic, H nilpotent and 
LjjH — cH , c G K. Then around q there exist Junctions hi, ...,hk of v such that 
d{dhj oT) = 0, j = 1, ..., k, and (dhi A ... A dhk A du){q) ^ 0. 

Proof. Given /i ~ h{v) one ha.s d(dhoT) ~ d{doH) — d{Uh+h)Adu. Close to 
q and for every j = f , ..., fc, consider a function gj oiv such that gj{qi, ...,qk) ~ 
and dgj = d{Uvj + Vj). Then d(dgj o H) = 0; indeed, d{dvj o H) = and 
d{Uvj)o H = {Ljjdvj)oH ~ Lu^dvj o H) ~ cdvj o H . By proposition 4.2, applied 
in coordinates v — {vi, ...,Vk) with a zero dimensional space of parameters, close 
to {qi, ..., qk) there exists fj = fj{v) such that dfj{qi, ..., qu) = 0, d{dfj o H) = 
and U fj = —fj + gj. 

Set hj ~ Vj+fj-, then d{dhjoT) = 0, j = 1, ..., k, and {dhi/\.../\dhk/\du){q) = 
{dvi A ... A dvk A du){q). U 

Let us come back to the proof of theorem 3.1. If /i = h{zi, ■■■,Z2m-2,Z2m) 
one has dhoG = Z2mdh + dho H — {Zh)dz2m- Thus we can apply lemma 3.3, in 
variables (2:1, ...,Z2m-2j^2m) 'w'hcn T — Z2ml + H — Z®dz2m, for concluding the 
existence close to p of functions hj{zi, ..., Z2m-2), j = 1, .•.,2m — 2, such that 
d{dhj o G) = and {dhi A ... A rf/i2m-2 A dz2m){p) i= 0. 

Denote by Xj the cj-hamiltonian of hj, j — l,...,2m — 2. From the third 
condition of Veronese flag follows (Lx-G) Aai A... Aa^ — (everywhere or close 
to point p), which in turn implies {LxT)AaiA...Aar — 0, j = 1, ..., 2m — 2. Now 
set T = Yll=l VkdXj + J2k=n-r+l VkCtk+r-n, thcn Xjipk == 0, j == 1, ..., 2m - 2, 

k = l,...,n — r. But {Xi A ... A X2m-2 A {d/dz2m-i)){p) 7^ because {dhi A 
... A dh2m-2 A dz2m){p) 7^ 0, SO each ipk, k — I, , , .n — r, only depends on 
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{x,Z2m)- Besides the term {d/dz2m-i) ® iYX=n-r+iVka.k+r-n) is irrelevant 
for our purpose and it may be deleted. In short, one can suppose that r only 
depends on {x,Z2m)- 
On the other hand 

Ncid/dxi, d/dxj) = [aid/dxi+T{d/dxi)d/dz2rn-i,ajd/dxj+T{d/dxj)d/dz2m-i] 
—G[d/dxi,ajd/dxj+T{d/dxj)d/dz2m-i]^G[0'id/dxi+T{d/dxi)d/dz2m-i,d/dxj] 



^dJ TJd/dxj) _ d{T{d/dx,) \ d 

dXi ' ™ dXj ) dz2,n~l 



. .Kj\i yu UJ.J . 

(fli - 22m) ?; (Oj - Z2r. 



d 

= dx{T O ( J - Z2raIxy^){{J - Z2„ilx){d / dXi) , (J - Z2ralx){d / dxj)) 



dz2m-l 



where Ix ~ '^j^i{d/dxj) ® dxj and d^ is the exterior derivative with respect 
to X. 

Therefore Nq A ai A ... A a^ = implies dx{T o (J — Z2mlx)^^) A (ai o 
(J — Z2mlx)^^) A ... A (ofr o (J — Z2mlx)^^) ~ 0. In othcr words, r o (J — 
Z2mlx)^^ is closed along the foliation in variables (x, Z2m) defined by aio [J — 
Z2mlx)^^, ■■■,(Xr o ( J — Z2mlx)^^ , dz2m, and near p there exists a function h = 
h{x, Z2m) such that dxh equals to[J — Z2mlx)^^ modulo aic>{J — Z2mlx)^^ ^ ■■■, Oir° 
{J — Z2mlx)^^- Thus adding a suitable functional combination of ai, ...,ar to 
T allows us to suppose r o ( J — Z2mlx)^^ = d^h. Then 

d{z2m-l - /l) O G = Z2mdz2m-1 + T - Z2m{dh/ dz2m)dz2m ^ (d^h) O J + /3* = 
Z2mdz2m-l+dxho{J-Z2mIx)-Z2m{dh/dz2m)dz2m-idxh)oJ+l3* = Z2md{z2m-1- 

h)+p*. 

Finally, if the coordinate Z2m-i is replaced by Z2m-i — Z2m-i — h and next 
'z2m-i is called Z2m-i7 as h only depends on {x, Z2m), then the expression of ui 
and that of loi are not modified whereas 

G = YTj = l ^j(9/dXj) + Z2mh + H + (d/dz2m-l) (E) /3* - Z (g) dZ2m 

which proves theorem 3.1. 

4. The equation Zf = af + g 

In this section, rather technical, one will establish the results on the foregoing 
equation needed in the proof of theorem 3.1. Consider three open sets A C 
K", A' C K^" and B C K*, their product A x A' x B C K"+2™+'^ endowed 
with product coordinates {x,z,u) — (a:;i, ..., x„, zi, ..., Z2m, ui, ..., Ug) and the 
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following objects on it: 

Ti'. foliation defined by setting mi, ...Us constant, 

d: exterior derivative along J^i, 

A: foliation contained in Ti defined by dxi = ... = dxn = 0, 

D: exterior derivative along A, 

Lo^uji. couple of 2-forms on A^ 

Z = J2i=i fjd/dzj: vector field tangent to A. 

Along J^i, that is to say regarding B as the space of parameters, set J — 
S?=i o.j{u){d/dxj)®dxj, H ~ X]-iT=i cijk{d/dzj)®dzk where each ajk G IK, ^ = 
^ ■ j^ Xj ® aj where Xi, ..., Xr G A and ai, ..., a^ are closed f-fornis functional 
combination of dxi, ..., dxn [so their coefficients only depend on (x, u)] such that 
ai A ... A ar never vanishes, and G = J + H + S,- 

Let T be the foliation contained in J-i defined by ai,...,ar. Suppose that 
uj,uji are written with constant coefficients which respect to dziij^, ...,dz2m\A7 
functions ai('u), ..., a„(M) never vanish on B, H is nilpotent, lui ~ w(G, ) 
and (7^, Gijr) is a weak Veronese fiag along J^i whose associated Gijr-invariant 
foliation equals A; therefore ai, ..., a^, J defines a Veronese web along Ti/A on 
Ax B 

For any function ip one will denote X^p its w-hamiltonian. 

Lemma 4.1. Let Xf be the lo -hamiltonian of a function f. Then (LxfG) A 
a\ A ... A Q!r = if and only if ai A ... A ar A d{df o G) is semi-hasic for A (that 
is iu{c(i A ... A ttr A d{df o G)) = for any U G A). 

Proof. As {LxfO A ai A ... A ttr = and d{df o ^) A ai A ... A a^ = we 
may suppose ^ = without loss of generality. Now consider new coordinates 
(z^), j ~ f , ..., 2mi, i = 1, ..., s, on A' constant linear combination of (zi, ..., Z2m) 
such that uj = {J2Ui Er=i ^4fc-i ^ c?4fc)|-4 and cji = {J^Ui J2T='^^ d^k^i ^ 
^4fe+2)|-4- Then H ^ J^Ui Efe=r^[(5/54fe+i) «> dz'^k-i + (^/^^fc) ® dzJ^k+2] 
since loi = lo{G, ) = w(iJ, ), and LxjG = S + T where 



" d I d'^f 



(-/' 7 ^'-v ■ ^"v (-iltAy 'I 







'^^2k+2'-'^J *^^2fe^-^i 



dXj 
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d^f 



dV 



E 






dx-i 



dz 



^"''54m,-l5-^J 



dxi 



and T does not involve any d/dxj nor dxj, j = l,...,n. 
Note that T = if and only if {LxfG)\A = 0. 
On the other hand df o G = X^iLi cij(df/dxj)dxj 

+ EUET=i'iid.f/dz4,^,)dz4,_,+{df/dzi,)dzi,^,] 

Therefore d{df o G) = p + X + jj, where 



dxj I Adz'2k-i 



=1 V.=i '948^'^''^'"^'" 



dxj A az2fe+2 > 







^ = J2jb hjbdxjAdxb and ^ = J2iajb hiajbdz'j Adz^; thus {d{dfoG))\A = M|^- 

But Lxfi-^i = Lo{LxfG, ) and at the same time Lxfi-^i = -D(cji(X^, )) ~ 
-'d{df o G))|_4; therefore T = if and only if /i = since uj is symplectic. 

Finally, remark that the 1-fornis funetional combination of dxi, ..., dxn which 
are the coefficients of d/dzl or dz^ in the expressions of S and p, respectively, 
are the same up to sign and change of order, so 5 A a i A ... A a^ = if and only 
a p A ai A ... A ar — 0. As A is semi-basic for A, the lemma is proved. D 

Remark. From lemma 4.1 immediately follows that {J^,G\jr,Lu,LUi) is a 
Veronese flag along Ti . 

Proposition 4.1. Given an integer k > 0, p E A, q E A' , a compact set 
K d B, three scalars a, c, c' and a function g : A x A' x B ^ K. such that: 

(1) [LzG - cH) A ai A ... A ar = and Lz^ = c'w, 

(2) Z is H-generic on {(p, q)} x K, 

(3) {Lx.G) A ai A ... A a^ = and Dg{KerH^) = 0, 
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then there exist a product open set UxU'xVcAxA'xB, which contains 
{{p^ ?)} X K , and a function f : U x U' x V ^>- K. such that: 

(I) Df{KerH^) = and D{Zf - af - g){KerH^+'^) = 0, 

(II) {LxfG) A ai A ... A a,. = 0, 
(III)D!^Qon{{p,q)}xV. 

The next goal will be to prove proposition 4.1. Note that we may assume 
^ = since [LxgCl A ai A ... f\a.r — {Lx;C) A ai A ... A a^ = 0. Set (pg{x, z, u) = 
g{x,q,u), then Dipg — and d{dipg o G) is ^-basic; thus any solution of our 
problem for g — ipg is a solution for g too, which allows to suppose g{A x {q} x 
B) ~ hy considering g — ipg instead of g if necessary. On the other hand by 
shrinking A and modifying the order of variables {xi, ...,x„) one may assume 
that dxi A ... A dxn-r A ai A ... A a^ never vanishes. By lemma 4.1, the first 
statement (3) and part (II) of proposition 4.1 are respectively equivalent to 
suppose ai A ... A ar A d(dg o G) and ai A ... A a^ A d{df o G) semi-basic for A] 
throughout the proof one will use these statements instead of original ones. 

We start reducing the problem to the case k — 0. Consider H asa tensor field 
on A' and linearly rearrange coordinates z in such a way that dzi = ... = dz2ffi = 
defines KerH*' . Let A" be the quotient (close to q) of A' by KerH'' endowed 
with coordinates (zi, ..., Z2fh), and tt: AxA'xB—i^Ax A" x B the canonical 
projection. As Dg{KerH'^) = there is a function g on A x A" x B such 
that g — g o t:. Obviously Z, H, G, J-, A project in similar object Z, H , G, J-, A 
defined on A x A" x B. 

On the other hand uj(Il'', ) and a;i(_ff'^, ) project in a couple of 2-forms 
oj, cji defined along A. It is easily checked that the hypothesis of proposition 4.1 
still hold on A X A" x B for the scalars a, c and c' + kc. Therefore, if the result 
is proved for fc = 0, there exists a solution / and it suffices to set f — f ° t^- 

In short k = is the only case to deal with. We do that by induction on 
the order k of nilpotency of H. First consider the case H = 0, that is A: = 1 
and G — J. Assume m > 1, otherwise it suffices setting / = 0. As Z has 
no zeros on the compact set {{p,q)} x K, we may suppose that ipi does not 
vanish on A x A' x B hy shrinking these three factor and changing the order 
of variables z ~ (zi,...,Z2m) if necessary. From (1) of proposition 4.1 follows 
ai A ... A ar A {dxfj o J) — 0^ j — 1, ...,2m, that is to say (ai o J^^) A ... A 
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(ttr o J^^) A dx(pj = 0, j = 1, ..., 2™. Consider new coordinates y — (j/i, ..., 2/„) 
around p on A such that dyi — ... ^ dy,. ~ defines the same fohation as 
aio J"^, ..., a-roj^^ (recall that ai, ..., a^, >/ gives rise to a Veronese web). Since 
every coordinate yi only depends on x one has that d^ — dy and each vector field 
d/dzj, j — 1, ..., 2?Ti, belongs to the dual basis of {dyi, ..., dyn, dzi, ..., dz2m\ as 
well. Thus ipj = ipj{yi,...,yr,z,u), j ^ l,...,2Tn. 

On the other hand given a function h then ai A ... A a^ A d{dh o G) is semi- 
basic for A if and only if ai A ... A a^ A {dx(dh/dzj) o J) = 0, j = 1, ..., 2m, that 
is (ai o J^^) A ... A {ar o J^^) A dx(dh/dzj) = 0, j = 1, ..., 2m, or in coordinates 
{y, z, u) if and only if d^h/dzjdyi — 0, i = r + 1, ..., n, j = 1, ..., 2m. In these 
last coordinates consider the open neighbourhoods of p and q, respectively, 
U ^ U1XU2 and U', where Ui C IC, U2 C K""*" and C/i, U2, U' are polycylinders 
(that is product of open intervals if K = M or open disks if K = C). Then 
ai A ... A ar A d{dh o G) = is semi-basic ioi A on U x U' x B if and only if 
h — hi{yi, ..., yr, z, u) + h2{y, u); moreover we may suppose hi{pi, ...,Pr, q, u) ~ 
0, u E B, by taking hi — h and /12 + /i where h{'y, z, u) — hi{yi, ..., y^, q, u) if 
necessary. 

In particular as q;i A ... A a,- A d{dg o G) is semi-basic for A, on U x U' x B 
one has g == gi{yi, ...,yr,z,u) + g2{y,u) where gi{pi, ...,pr,q,u) ^ 0, u e B. 
But g{A X {q} X _B) = so 92 = 0, that is g = (7(2/1, •.., yr^ z, u). 

Let / : C/i X t/' X B ^ K be the function defined by the ordinary differential 
equation Zf = af + g and the initial condition f(Ui x T x B) = where 
T = {z E U' \ zi = qi} [again shrink Ui,U',B if necessary]. Then regarded 
on U X U' X B in the obvious way ai A ... A a^ A d{df o G) is semi-basic for 
A and D{Zf - af - g) = 0. By construction {df/dzj){{{p,q)} x B) = 0, 
J = 2, ...,2m. But {Zf){{{p,q)} xB)= a,f({(p,q)} X B)+g{{{p,q)} x B) = 
so {df/dzi){{{p,q)} X B) = 0; in short Df = on {{p,q)} x B, which proves 
proposition 4-1 when k ^ 0. 

Remark. Observe that in this step proposition 4.1 was established without 
making use of uj or wi ; therefore the result stated in terms of being semi-basic 
for A is true regardless the existence or not of uj,loi. This fact implies that 
proposition 4.1 also holds if Dg o H ~ 0; even more in this case there exists 
/ satisfying (I), (II) and (III) such that Df o H = and D{Zf - af - g) ^ 
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0. Indeed, regard iJ as a tensor field on A' and consider tlie quotient A" — 
A' /ImH. Let t: : A x A' x B ^ A x A" x B he the canonical projection. Then 
g ~ g o IT for some g : A x A" x B — > K. Since all the relevant objects project 
on A X A" X B and H docs in the zero tensor field, from the case fc = follows 
the existence of a suitable function / for g and it suffices setting f — f o n. 

Now suppose true proposition 4.1 up to the order of nilpotency fc — 1 > 1 
and for any scalars a, c, c'. One will need the following result. 

Lemma 4.2. Given a function h : Ax A' x B ^ K such that Dh(KerH) — 
and ai A ... A a^ A d{dh o G) is semi-basic for A, then there exist a product open 
set UxU'xVcAxA'xB, which contains {(p, g)} x K, and a function 
(fi : U X U' X V ^ K such that: 

(I) Dip o H = Dh and a\ A ... A a^ A didkp o G) is semi-basic for A, 

(II) (p({(p, q)} X V^) = and Dip{p,q,u) = for every u d V such that 
Dh{p, q, u) = 0. 

Proof. Consider coordinates (z*), j — I,..., mi, i = l,...,s, on A' as in 
the proof of lemma 4.1 and shrink this open set in such a way that, in these 
coordinates. A' is a polycylinder. Then dz2i^,-^ oH = ^^2^-1' '^•^2fe ° H = ^^2;, , 2, 
A: = 1, ..., mi — 1, dz\ o H — dz'2^^. o H = 0, i = I, ..., s. 

Since Dh{KerH) = one has dh/dz2^,_^ — dh/dz2 = 0, i = l,...,s and 
P o H ^ Dh where 

s mi — 1 

i=i k=i 

Note that ai/\.../\ar/\d{dhoG) semi-basic for A implies D{DhoII) — 0. Now 
from lemma 1.1 follows that D/3{ImH,ImH) = 0, so f3\jmH is closed and there 
exists a function tp : A x A' x B ^^ K such that {Dtp — /3)|7„^ = 0; therefore 
Dip o H = Dh. Hence 9V/5-22fe+i = 9h/dz2f._i, dip/dz2f. — dh/dz2i.^2' ^ — 

1, ...,mi - 1. 

In general ai A ... A a^ A d{dip o G) is not semi-basic for A and we need to 
modify ip. 

If following the terminology of the proof of lemma 4.1 we set d(dh o G) = 
Ph + ^h + IJ-h and d{'ipoG) ~ (0^ + A^ + /x^ then aiA...Aar/\ph and ^h — A*i/. = 
because aiA...AarAd{dhoG) is semi-basic for A and D(DtpoH) ~ D{Dh) — 0. 
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Therefore ai/\. ../\ar/\d{d^oG) is semi-basic for A if and only if cti A-.-Aa^Ap^ ~ 
0. 

When k = 1,...,™^ — 1, i = l,...,s, the 1-form coefficient of dz^j^.-^ in the 
expression of p^ equals that of rfz2fe-i i^ ^^e expression of ph, and the coefhcient 
of dz^^. that of dz2j,^2 (recall that dh/dz\^._^ ~ dh/dz\ — 0): so they vanish 
modulo ai, ..., a^- Thus we have only to study the coefficients of dz\ and dz^^. , 
i — 1, ..., s, denoted by /32i-i, /32i hereafter, which are 

~ ,^ U^^x, " "^azjaxj ■' " ^ U^^x, " ""'dzidx,) ' 

and 

For the sake of simplicity, set z\ = z^i-i and z\^, = Z2i,i = 1, ..., s. From the 
expression oi /3j and l3k immediately follows djij/dzk = d^k/dzj, j, k ^ I, ..., 2s. 
Moreover ai A... A ar A (d/Sa/dz^) ^0,a~l,...,2s,b — 2, ...,2mj — 1, z = 1, ...,s. 
Indeed, 

^ = V — f ^^ - a-^^^ dx 
(9z^ -^^ dza \ dz^dxj ^ dz'^dxj j ^ 

which is the derivative with respect to Zg of the coefficient of dz^ , if b is odd, 
or rfzr , 2' ^^ ^ ^s even, in the expression of ph- Thus, if we set /3a — I3a+ 13'^ where 
Pa is a functional combination of dxi, ...,dxn-r and /3g a functional combina- 
tion of Qfi, ..., Q!r (recall that dxi, ...,(ix„_r, c^i, •••, Qr are linearly independent 
everywhere) one has d/3a/dz^ ~ 0; that is every /Sg, a = 1, ..., 2s, only depends 
on X, z — (zi, ..., Z2s) and u. 

Of course df3j/dzk — d(3k/dzj, j, k — 1, ..., 2s. 

The coefficient of dzfe, fc = 1, ..., 2s, in the expression of ph equals 

where i and b depend on k. This coefficient is a functional combination of 
ai,...,ar therefore, as ai,...,ar define a foliation, one has ai A ... A Ofr A 
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dx{dx(dh I dzk) o J) = 0. In turn from lemma 1.1 applied to dx{dh/dzk) o J^^ 
and J follows (ai o J^^) A ... A (a,- o J^^) A dx{dx{dh / dzk) o J^^) ~ 0, whence 
taking into account the expression of /3fc given before results [aio J^^) /\... /\(a^.o 
J-^)Adxil3koJ-'^) = 0, fc== l,...,2s. Finally, since ai A ... Aa^ A (/3fe -/3fe) = 
and ai o J^^, ..., a,, o J^^ define a foliation, one has (ai o J^^) A ... A (a^ ° '^^^) A 

After shrinking ^ and A' if necessary, we may suppose that A in coordinates 
y = (yi, ..., 2/„) and ^' in coordinates (z*) are polycylinders. Set A ^ AiX A2 C 
K'' xK"^*" andp = (pi, ...jPn) following coordinates (j/i, ..., y„). Then there exist 
functions /fe : A x ^' x _B — ^ K, fc = 1, ..., 2s, only depending on x, z and u such 
that/fe(Aix{(pr+i,...,p„)}xA'xB) = and (aio J-i)A...A(Q;rO J-i)A(rfa;/fc- 
/3fe o J^^) = 0. Moreover dz(X]A;Li fkdzk) = where dj is the exterior derivative 
with respect to z = (zi, ..., Z2s). Indeed, dx{dfk/dzj — dfj/dzk), j, k — I, ..., 2s, 
equals {d/3k/dzj — d/3j/dzk) o J^^ = modulo ai o J^-'^, ...,0:^ o J^^, that 
is modulo rfj/i, ...,dyr] in other words dfk/dzj — dfj/dzk does not depend on 
iVr+i, •■•, J/n)- But clearly dfk/dzj -df^/dzk vanishes on Ai x {{pr+i, ■■■,Pn)} x 
A' X _B so dfk/dzj — dfj/dzk = 0, j, fc = 1, ..., 2s. 

Thus there is a function ipi : A x A' x _B — > K only depending on x, z and u 
such that dipi/dzk — fk, k ~ 1, ..., 2s. Therefore ai A ... A a^ A {dx{dipi/dzk) o 
J-h)^ 0. 

Now set ^ = i/j+ipi. Then DifoH = DipoH = Dg and ai A...AQ!r A(i((i(^oG) 
is semi-basic for A, that is (^ satisfies (I). 

Finally, let ipi be the function given by 

2s „~ 

ifi{x,z,u) = ^(zfc -ZA;((7)) — (p,q,M) + ^(p,q,u); 

k=l ^^ 

then ip ~ Lp — Lpi satisfies (I) and (II). D 

A hox [of coordinates (z*)] will mean a block of coordinates (z]^, ..., z|„.) for 
any fixed i; so one has s boxes. A box will be named short if 771^ = 1 and long 
otherwise. 

Consider a function /i:AxA'x_B^IK such that ai A ... A a^ A d{dh o G) 
is semi-basic for A. Then there exists a function h, perhaps after shrinking A', 
such that Dh o H = Dh. From lemma 1.1, applied to Dh and H along A, 
follows D{Dh o H) = D{Dh o H^) = 0, that is /i^ = in the terminology of the 
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proof of lemma 4.1. Moreover ai A ... A a^ A d{dh o G) is semi-basic for A since 
the coefficient of each dz* in the expression of pj^ equals that of some dz^ in the 
expression of ph- 

Observe that h does not depend on the short boxes. By lemma 4.2, applied 
to h but considering long boxes only, there exists a function hi : A x A' x B ^ 
K [after shrinking we identify A x A' x B and U x U' x V for the sake of 
simplicity of the notation], which does not depend on the short boxes, such that 
ai A ... A Qfr A d{dhi o G) is semi-basic for A and Dhi o H = Dh o H . Now set 
h2 = h — hi, then ai A ... A a^ A d{dh2 o G) is semi-basic for A and Dft.2 o H = 0. 

In other words, after shrinking A, A' and B if necessary, the function h 
decompose into a sum /i = /ii + /i2 in such a way that ai A ... A a^ A d{dhi o G) 
and ai A ... A ar A d{dh2 o G) are semi-basic for A, hi only depend on x, u and 
the long boxes, and /i2 does on (x, zi, ..., Z2s, u) that is D/12 o H ~ Q. 

Moreover /ii({(p, (7)} xi?) = and Dhi{p,q, u) = whenever {DhoH){p, q,u) 
0. 

Consider a function (p : A x A' x B ^ K such that Dip o H ~ and 
ai A ... A Q!r A (i((i(^ o G) is semi-basic for A. If there is one long box at least, 
then Z and Z + X^p are equivalent for the purpose of proposition J^.l. Let us 
see that. On Ax A' x {B xK) consider the vector field Zt = Z + tX^ and the 
obvious extensions of G, w, lji and A, where now the space of parameters is 
_B X IK endowed with coordinates (mi, ...,ug,t). Note that the vector field Zt is 
_ff-generic on {{p, q)} x (_ft' x IK) since X^ £ KerH and H ^ {0}. 

By the remark preceding lemma 4.2 applied to a ~ c' , c, c' , Zt, p and the 
compact set K' = K x [0, 1], as Dp o H ~ there exists a function / such that 
ai A ... Aar Ad{df oG) is semi-basic for A, DfoH = 0, D{Ztf — c'f-p) = and 
Df = on {{p,q)} X K'. Then {LxjG) A ai A ... A a,. = 0, Lxj^ = Lxj^i = 
since uji ~ lo{G, ), and [Xf,Zt] = —X^ because Lzfio ~ Lz^^ — c'uj and 
i[Xf,Zt]^ = iXfLztUj - Lztiixj^) = D{Ztf - c' f) = Dp>. 

Let ^( be the fiow of the time depending vector field Xf. As Xf.,, uxat' ~ 
0, ^1 is defined around {(p, q)} x K, preserves A,uj,uji, and transforms Z in 
Z + X;p and G in G + ^ where ^ = X]f=i ^i ® "^i ^'^'^ ^1j •••! ^j- G -4.. As ^ is 
irrelevant, that is the problem is the same for G and G + ^, the equivalence is 
established. 
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Coining back to the main question, suppose rm > 2 when i = 1, ...,s' and 
rrii = 1 otherwise. Set Z = Zi + Z2 where Zi corresponds to the long boxes 
and Z2 to the sort ones. Remark that Zi is _ff-generic since Z2 G KerH. On 
the other hand set 



E 

i=l 



"' / d d \ cJ "^""^ d 



Then L^lu = c'lu and L^G = cH so {L^G - cH) A ai A ... A a^ = 0. Thus, 
after shrinking A, A' and B if necessary, there exists a function h = hi + h2 
such that Z = Z + Xh, ai A ... A a^ A d{dhi o G) and ai A ... A a^ A d{dh2 o G) 
are semi-basic for A, hi does not depend on the short boxes and Dh2 o H = 
(indeed, L^lo ~ c'lu = Lzio implies that Z = Z + Xh for some h; now decompose 
this function into a sum h = hi + h2 as it was showed before). 

Since the components of X^-^ in the short boxes vanish, Z = Z + X^-^ + Xh2 
and the vector fields Z ^ Z + Xh.2 are equivalent, we may assume 



Z2= E 






k=l \ "^2k-l 0'^2fe/ ^ k=l "^k 



which implies that the coefficients functions of Zi do not depend on the short 
boxes, otherwise Lz^o ^ c'lo. 

Decompose g into a sum g = .91+52 in such a way that gi does not depend on 
the short boxes, Dg2oH — and aiA...AarAd{dgioG), aiA...AarAd{dg2oG) are 
semi-basic for A. As proposition 4.1 was already proved for 172 since Dg2oH — 0, 
it suffices to show it for gi. But Zi is _ff-generic and its components do not 
depend on the short boxes, therefore it is enough considering the problem on 
the long boxes only. 

In other words, we may suppose that there is no short box. Note that in this 
case KerH C ImH, therefore if t is a 1-form such that (r o H){KerH^) — 
then T{KerH) = 0. 

After shrinking A, A' and B if necessary, consider a function g such that 
Dg = Dg o H; then ai A ... A a,- A d(dg o G) is semi-basic for A (it suffices 
reasoning as in the case Dh = Dh o H). On the quotient A x {A' /KerH) x B 
one may project g, Z, G, A, H and the 2-forms uji, which becomes symplcctic, 
and uji{G, ). Then the order of nilpotency of the projection H oi H equals 
k — 1 and by the induction hypothesis there is a solution of the problem for 
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the scalars a + c, c and c + c' [now Lzi^i = Lz{<^{G^ )) = (c + c')lji and the 
same equahty holds on the quotient A x (A' /KerH) x B] and the projection 
of g. Puhing-back this solution yields a function f : U x U' x V ^^ K such 
that Df{KerH) = 0, D{zJ - [a + c]J - g){KerH^) = since the pull-back of 
KerH is KerH^, ai A ... A a^ A d{df o G) is semi-basic for A and Df = on 
{{p,q)}xV. 

Let f : U X U' X V ^ K a. function given by lemma 4.2 applied to /. Then 
Df = on {{p, q)} X V since Df = on this set; besides D{Z f — af — g)oH = 
D{ZJ - [a + c]J - g) because (LzDf) o H = Lz{Df o H) - cDf o H. But 
D{ZJ- [a + c]f-g){KerH^) = therefore D{Z f - af - g){KerH) = 0, which 
finishes the proof of proposition 4-1- 

From now on and until the end of this section, consider an open set A C 
K™ endowed with coordinates z — {zi, ..., Zm), a manifold B whose points are 
denoted by u and on ^ x _B the following objects: 
Q: foliation defined by setting u constant, 
d: exterior derivative along Q, 
Z: vector field tangent to Q, 
H: (1, l)-tensor field along Q. 

Suppose that H is nilpotent and written with constant coefficients with 
respect to (d/dzj) dz^, j, /c — 1, ..., to, where (zi, ..., z^) are regarded as coor- 
dinates along Q. 

Proposition 4.2. Given an integer k > 0, a point p G A, a compact set 
K d B, two scalars a, c and a function g : A x B ^ K. such that: 

(1) LzH = cH, 

(2) Z is H-generic on {p} x K , 

(3) d{dg oH) = 0, dg{KerH^) = and g{{p} x B) =0, 

then there exist a product open set U x V (1 A x B, which contains {p} x K , 
such that: 
(I)Zf = af + g, 

(II) d{df oH) ^0 and df{KerH^) = 0, 

(III) df = on{p}xV. 

Let us proof proposition 4.2. Reasoning as in the proof of proposition 4.1 
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reduces the problem to the case k — 0. On the other hand, li H = one has 
just a ordinary differential equation and it suffices considering a solution / that 
vanishes on a suitable transverse section of Z containing {p} x V, where V is 
an open neighbourhood oi K on B (note that {Zf)({p} x B) = which implies 
df = on {p} X V). 

Now suppose that proposition 4.2 holds up to the dimension m ^ 1 for any 
scalars a, c. 

Lemma 4.3. Given a function h : A x B ^^ K such that dh{KerH) = 
and d{dh o H) = 0, then there exist a product open set U xV <Z A x B, which 
contains {p} x K , and a function (/3 : t/ x y — > K such that: 

(I) dip o H ~ dh and d{dip o H) ~ 0, 

(II) </'({p} X V) = and dip{p, m) = for every u Cz V such that dhija, u) ~ 0. 

Proof. Consider coordinates (z!), j = 1, ...,mi, i = I, ...,s, on A, constant 



^rrii — l / 



t . 



linear combination of (zi, ..., Zm), such that H = X]i=i 12^=1 i'^/^-^k+i) ® '^■^k^ 
that is dzl, o H = dzl,_-^ if fc > 2 and dzl o H = 0. Therefore dh/dzl^. = 0, 
i = l,...,s, and (5 o H ~ dh where (3 — Y^l=iY^^^ i^^^/^^^D^^k+i- C)n the 
other hand, after shrinking A, we may suppose that in these coordinates A is a 
poly cylinder. 

Now from lemma 1.1 follows that l3\imH is closed; therefore there exists a 
function -f/) : A x _B — > K such that {d%l> — li)\imH — 0, whence dtp o H = dh. Let 
i/i be the function given by xp{z,u) = X]i=i(^i ^ -^i(-P))(^V'/t^^i)(-P' ''^) +V'(P;U); 
then If ~ %l> — if) satisfies (I) and (II). D 

Let us resume the proof of proposition 4.2. Since d{dg o H) = 0, after 
shrinking A if necessary, there is a function g : A x _B — > K vanishing on {p} x B 
such that dg — dg o H\ moreover by lemma 1.1 d{dg o H) = 0. The equation 
Zf = {a + c)f + g has some solution satisfying (II) and (III) and such that 
df(KerH) = 0. Indeed, project Z, H and 'g on the quotient (A/KerH) x B, 
apply the induction hypothesis and then pull-back a suitable solution. Note 
that / is defined on a product open set containing {p} x K and which we will 
call A X B for simplifying. 

Let </?:[/xy— j-Kbea function given by lemma 4.3 applied to /. Set 
go = g + aip — Zip; then go{{p} x V) = and dgo o H = since (Lzdp) o 
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H = Lz{d(p o H) — cdip o H. In turn, the equation Z fo ~ afo + go has some 
solution satisfying (II) and (III). Indeed, project Z, H and go on the quotient 
(U/ImH) X V and reason as before. Now it suffices to set f = fo + f for 
finishing the proof of proposition 4-2. 

5. The non-real eigenvalue case 

In this section K = M and the manifolds considered will be real unless another 
thing is stated. Let {T, £, oj, cji) be a Veronese flag on a manifold P or at some 
point of P, A the foliation of the largest ^-invariant vector subspace (see section 
1) and TT : P — > A^ a local quotient of P by A. Set codimT — r, dimA ~ 2m 
and dimN — n. Recall that N is endowed with a r-codimensional Veronese web 
whose limit when t — > oo equals the quotient foliation J-' = J- /A and £ projects 
in the morphism £' associated to this Veronese web. 

Suppose that the characteristic polynomial tp of £\_^ equals (t^ + ft + g)™ 
where /^ < 4g, that is tp has no real roots. Set g^ ~ trace((£|_4)'^); by lemma 
1.2 one has kdgk+i = (k + l)dgk o £ on J-. 

When df\j^/p\ ^ and the algebraic type of £\j^ is constant about p, one may 
construct the symplectic reduction of the Veronese flag as follows. First observe 
that each gk is function of gi , 172 since /, g are the only significant coefficients of 
the elementary divisors, gi — —mf, 172 — rn{f'^ — 2g) and dg2 — 2dgi o £ on J- . 
Therefore Xg^ — 2£Xg^ and {dgi A dg2)\A{p) 7^ 0, otherwise {Xg^ A Xg^){p) ~ 
and £ has an eigenvalue on A{p) — {0}. Thus Xg-^, Xg^, Xg^, ... give rise to a 
^-invariant vector sub-bundle E of dimension two. 

On the other hand oj{Xg-^,Xg2) = 2oj{Xg-^,£Xg-^) = uji(Xg-^,Xg-^) = and 
ujiiXg^,Xg^) = 2uj{£Xg^,£Xg^) = 0. Hcucc Xg^gi = Xg^g2 = ^92.91 = ^92.92 = 
and [Xg^^Xg^] = 0; in particular E is a. foliation. Besides Lx £ = Lx £ ~0 
since kdgk+i = {k + l)dgk o £ on J-. 

Denoted by P and tt : P ^ P, respectively, the local quotient of P by _E and 
its canonical projection. Consider coordinates {y,z) = (yi, ...,y„, zi, ..., Z2m) 
around p such that dyi = ... = di/r = defines J-, dyi = ... = dyn = the folia- 
tion A, gi = Z2m-i, 92 = Z2m, Xg^ ^ -3 / dz2m-z and Xg^ = -dldz2m-2- Thus 
(yi, . ..,?/„) can be regarded as coordinates on A^, (j/i, ...,y„,zi, ..., 2;2)n-4, Z2m-i, Z2n 
as coordinates on P and gi,g2 as functions on this last manifold. Now it is ob- 
vious that Ker{dgi A ^172) and T D Ker{dgi A dg2) project in two foliations Ti 
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and T on P, respectively, and i\rr\Ker{dgii\dg.2) docs in a morphism i : T ^>- Ti; 
moreover (T, i) is a weak Veronese flag along Ti (locally any extension of i 
can be lifted to an extension of £) , whose foliation A of the largest ^-invariant 
vector subspaces equals the projection of ^ n Ker{dgi A ^.92), P/A is identified 
to N X B, where B is an open neighbourhood of {gi{p) , g2{p)) on K^, and f'l 
projects in the foliation of A^ x _B by the first factor. Besides, the Veronese web 
induced by {J', £) on each leaf A^ x {&} of this last foliation equals the pull-back, 
by the first projection tti : N x B ^ N , oi that induced by {J^,£). 

On the other hand, since ix w, *x w, ix wi and ix uJi are functional 
combination of d^iM, c?32|^ (recall that every gk is function of gi,g2 and 
kdgk+i = {k + l)dgk o ^ on J") one has Ker{uj\_Ar,Ker{dgiAdg2)) 
= i^er(cji|_4p^g^(^g^;^^g2)) = E. Therefore a;|^n_ffer(d3iAdg2) ^"^'^ ^i\AnKer{dgi/\dg2) 
project in two symplectic forms a), uji along A; moreover uji = u}{i, ). The fam- 
ily {J-,£,(Zi,u}i) will be called the symplectic reduction (near p) of {J-,i,uj,uJi). 
As in section 3, for proving that this family is a Veronese flag it suffices to check 
the third condition of its definition. 

On A^ consider coordinates (xi, ...,x„) and a (1, l)-tensor field 
J ~ X]i=i %('9/9xj) (g) dxj where oi, ..., a„ are real numbers. 

Theorem 5.1. In the real analytic category consider a (1,1) -tensor field 
G, which extends £ and projects in J , defined around a point p of P such that 
{T,i,LO,LOi) is a Veronese flag at this point. Assume that: 
(a) the characteristic polynomial of £\j^ equals (t^ + ft + g)™ where f^ < Ag, 
(h) p is a regular point of iij[, 

(c) if df\j^^^.p) ~ then f is constant close to p, 

(d) if df\j\^(^p) ^ then the symplectic reduction of {J-,i,LU,uJi) is a Veronese flag 
at tt{p), 

then around p there exist a (1,1) -tensor field G' extending i and projecting in 
J and functions zi, ..., Z2m such that (x, z) — (xi, ..., x„, zi, ..., Z2m) is a system 
of coordinates, 

G' = Z]"=i o-jid/f^^j) ® d.Xj + I]j™=i hjk{z){d/dzj) ® dzk 
and LO,LOi are expressed relative to dziij^, ...,dz2m\A with coefficient functions 
only depending on z. 
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Before proving this result, let us recall a few facts on the relationship between 
complex and real manifolds. Let Q be a real manifold of dimension 2fc endowed 
with a complex structure H , which allows us to regard Q as a complex manifold 
of dimension k. A real tangent vector field at g G Q is a linear derivation of the 
algebra of germs at this point of differentiable functions; therefore it acts too 
on the germs at q of holomorphic functions and it can be regarded as a complex 
tangent vector at this point. In other words, the real and the complex tangent 
vector space at the same point may be identified in a canonical way. 

In turn, if X is a real vector field then LxH = if and only if the (infinites- 
imal) action of X sends holomorphic functions into holomorphic functions. In 
terms of complex coordinates zi = xi + lyi, ..., z^ = Xfe + zy^ and the associ- 
ated real coordinates (xi,yi, ...,Xfc,yfe), ax = '^j^i{yyjd/d:x.j+'ipjd/dyj) then 
LxH = if and only if (pi + iipi, ..., (pk + iipk sue holomorphic functions of z = 
(zi, ..., Zfc); in this case from the complex viewpoint X = X]7=i('^j + ^^j)^l'^'^j 
(warning this identification only works for the action of X on holomorphic func- 
tions but not for any complex- valued function) . This kind of vector fields are 
named holomorphic. 

A complex fc-form [that is of type (fc, 0)] /3 decompose into a sum (3 — 
Pi + «/32, where /3i,/32 are real fc- forms such that /3i(iJ, , ..., ) — — /32 and 
/32(i7, , ..., ) = /3i [which implies /3,(iJ, , ..., ) = /3,( , iJ, ..., ) 
— Pji , ,...,H), j = 1,2], and conversely. Besides (3 is holomorphic if and 
only if regarded from the real viewpoint /3i{Xi, ...,X-^) + t/32{Xi, ...,X-j^) is a 
holomorphic function whatever Xi, ..., Xr are holomorphic vector fields. In par- 
ticular if /3 is a complex /c-forni and its real part is closed then /3 is holomorphic 
and closed. 

Finally, a holomorphic (l,l)-tensor field regarded from the real point of 
view is just a real (l,l)-tensor field that commutes with H and transforms 
holomorphic vector fields into holomorphic vector fields. 

Until the end of this section one works in the analytic category, in which 
theorem 5.1 will be deduced from the complex case of theorems 2.1 and 3.1. 
We start constructing a complex structure along A. Shrinking P if necessary, 
one may suppose that the algebraic type of £|_4 and that of i\AnKer{dfAdg) are 
constant. Set Hq = (4g - ,p)-^^^{2iij^ + fl); then {H^ + /)" = 0. Therefore 
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Hq is O-deformable. Let H be its semi-simple part; by construction H^ = — / 
and there is a polynomial ip{t) with real coefficients such that H = il;{Ho), so 
H = tlj{i\A) for some polynomial tp G M.p[t]. From section 6 of [13] applied on 
each leaf of A follows Nh — 0; in other words H is a, complex structure along A. 
Moreover Ld{H, ) ~ uj{ , H) and uji{H, ) = cji( , H) since H = ipif-iA)- 

Thus the 2-forms il = uj + tuj and Qi = uji + tuji, where uj(X,Y) = 
—Ld{HX, Y) and uji{X, Y) = —uji{HX, Y), are holomorphic and closed because 
duj — dwi — 0. Observe that Q and Qi are symplectic, -^m o H = H o £i^ and 
f2i — f2(£|_4, ), so m is even and ^m is holomorphic along A. 

As H is the semi-simple part of Hq the tensor field Hq — H is nilpotcnt 
and commutes with H; therefore (Hq — iJ)™ = 0. Hence {£\j\^ + \[.fl — (4(7 — 
/^)2iJ])''" = 0. In other words the complex polynomial {t+h)™ where h = ^[f — 
1(45-/^)2] annuls £|_4, which implies that (t + h)"^ is the complex characteristic 
polynomial of the holomorphic tensor £\_^. In particular h is holomorphic along 
A and Kerdh — Kerdf fl Kerdg — Kerdgi n Kerdg2- 

Shrinking P allows us to suppose that the elementary divisors of ^m on this 
manifold are (i^ + ft + g)'^^,..., {t^ + ft + .9)"*=. Consider any point q E P 
and a cyclic decomposition A{q) = B ® ... (B B-^ associated to these elementary 
divisors. Then HBj = Bj since £Bj C Bj; that is each Bj is a cyclic complex 
vector subspace. Now reasoning as before on every Bj at each q G P shows 
that {t + /i)°i,..., {t + h)°-i' are the complex elementary divisors of £\ji^. By the 
same reason if {t^ + ft + g)^^ ,..., [t^ + ft + g)^''' are the elementary divisors of 
£\AnKerdh then (i + /i)''\..., [t + /i)'''=' are the complex elementary divisors of 

f-\AnKerdh- 

The analytic complex Frobenius theorem yields functions zi,...,Z2m such 
that (a;i, ..., a;„, zi, ..., Z2m) is a system of coordinates around p and 
H = J2k=i((^/^^2k)®dz2k-i-{d/dz2k-i)'^dz2k)\A- Now we may consider the 
complex coordinates vi = zi + iZ2,..., Vm = Z2m-i + *-22m and, after shrinking, 
identify P to a product open set A x B C M" x C™. In complex notation H 
equals il on A. 

Moreover functions zi, ..., Z2m can be choose in such a way that J7 ~ {dvi A 
dv2 + ... + dvm-i A dvm)\Aj ^nd h — v„i if df\j^(^p-^ 7^ 0. Indeed, consider complex 
variables ui = xi + lyi,..., u„ = a;„ -I- ij/„ on an open set A' C C" such that 
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A' nR" = A and by means of the analyticity extend A, ft and /i, in the obvious 
way, to an open neighbourhood of (p, 0) on A' x B. Then apply the Darboux 
theorem for obtaining suitable coordinates (ui, ..., m„,wi, ...,«„) and, finally, 
restraint functions vi, ..., Wm to P = A x B. 

On the other hand G = J2^=i ^ji^/dxj) (g) dxj + J2j^=i 9jk{d/dzj) (S) dzk + 
jy^^i -^j ® ^^j where Xi,..., Xn G A. 

After changing the other of variables a;i,...,x„ and shrinking A, we may 
assume that dxi A ... A dxn-r A ai A ... A a,- has no zeros. Set T — X]?=i -^j '^ 
dxj. Since it is enough proving theorem 5.1 for some G + X]fc=i ^k ® Q^fe where 
Yi,...,Yr G A, one can suppose Xn-r+i = ■■■ = Xn = 0. Thus there exist 
vector fields X[, ..., X'^ G J^ functional combinations of d/dxi, ..., d/dxn whose 
coefficients do not depend on z such that TX', = Xj, j ~ 1, ...,n. Observe that 
Lx'H = 0. 

3 

But 7Vg(-F, J") = so iVG(Xj, ^) = 0, whence GoLx^ (G|^)-L(j;f,+;f^) (G|^) 
that is Lxj{G\ji) = G o Lx'.{G^ji} — Ljx'.iG^ji). As JAT' is a functional 
combination of d/dxi, ...,d/dxn with coefficients only depending on x one has 
L.jx'.H = 0. By construction G\_a ^^id H commute, therefore Lx'.{G\_a) and 
L.jx'. (Gia) commute with H and from the expression above follows that Lx^ (G|^) 
does too. 

On the other hand H = ip{G^j\) so Lx^H equals a polynomial in G|_4 and 
Lxj{G\a), which implies that Ho Lx^H = (LxjH) oH. In turn from H^ = — / 
follows HoLx H = —{LxH)oH, therefore Lx H = since H is invertible. In 
short, we may assume Xi, ...,X„ holomorphic without loss of generality. Now 
in complex notation one has G — X]?=i '^ji'^/^^^j) '^ ^Xj + X]7fe=i ^jki^^l^Vj) ® 
dvk + X]7=i(X]fc=i ^ife^/^^fe) ® '^^j where hjk and /i'-^, arc holomorphic along 
A. 

If as before we consider complex variables ui — xi + lyi,..., u„ = a;„ + ij/„ 
on an open set A' C C" such that A' n K" = A, then through the analyticity 
ai, ..., Or, ^ , (-1 A, O, i7i and G may be extended to similar holomorphic objects 
ai, ...,3r, T, (,, A, ri, r^i and G, which are defined on an open neighbourhood 
P of p ~ {p, 0) on A' X B. In particular 3i, ..., 5^ defines T, dui = ... = dun = 
defines A and il = {dvi A ^112 + ... + dvm-i A dvm)i7. After shrinking P if 
necessary, it is easily checked that (J^,£,Q,fli) verifies the two first conditions 
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of Veronese flag. 

Observe that given a holomorphic function fi = ^1+1^2 then its r2-haniiltonian 
X^ equals the ojK-hamiltonian of /ii where wr is the real part of (note that 
wr = cj on P). On the other hand if ^ is defined around p and i.*d^ is closed on 
T, that is aiA...Aar/\d{dfioG) ~ 0, then aiA...AarAd{dfiioG) — on P which 
implies ai A... Aar ALx G = around p on P; therefore 5i A... A 5^ A ix G = 
since this last tensor field is the extension of ai A-.-Aa^ Aix G. Hence Lx i ^ 
near p; in other words (7^, £, f2, i7i) is a Veronese flag at p. 

Set G = Z]"=i aj(9/9uj) ® duj +X]™fc=i h.jk{d/dvj)®dvk+YJ]=i Xj®duj. 
Then hjk is the prolongation to P of /i^fe and Xj that of Xj. Consider the 
m X m matrix A4 = (hjk) + hi and its prolongation Ai ~ (hjk) + hi where h 
is the prolongation of h, which equals Vm when h is not constant. Recall that 
(t + h)"-^ ,..., {t+h)°-k are the complex elementary divisors of i?|^ on P; since these 
elementary divisors up to change of order are determined by dimKer{£\j[ + hI)'^, 
a = 1, ..., ?Ti, these dimensions have to be constant, that is to say each function 
rankM"^, a = 1,...,to, is constant on P. This fact implies that rankAi'^, 
a = 1, ...,TO, is constant near p on P and equals rankAi'^. 

Indeed, as A4{p) ~ A4{p) one has rankAi"" > rankM."- . Let p be a minor of 
A^° and p the similar one of M."" . Then p is the prolongation of p, so p vanishes 
on P if p does on P. Therefore ranfcA^" < rankM."- . T\ms dim.Ker{£.^+hlY — 
dimKer{t\j( + /i/)", a = 1, ...,m, and consequently (i + /i)"%..., (t + /i)"* are 
the elementary divisors of ^i r closed to p. 

A similar argument shows that (t + /i) ''%..., (i + ft,)''fc' are the elementary 
divisors of ^1 Jn^erd/i closed to p. In short, the point p is regular for i.j. 

When h is not constant, in coordinates (u, v) one has /i = Vm and 51 = 
(dui A dv2 + ... + dvjn-i A dv„i).j; in particular cj = X]f=i ('^^4j-3 /\ dz/^j^i — 
dzij^2Adzij)\j^. Thus the symplectic reduction of (J-", i?, 51, i7i) can be identified 
to the extension by means of complex variables ui — xi -\- lyi,..., Un — Xn + 
lyn of the symplectic reduction of (J-", i?,a;, wi). Indeed, gi,g2 are function of 
Z2m-i, Z2m Only SO E is spanned by d /dz2m-'i, d / dz2m-2 and from the complex 
viewpoint it is the foliation spanned by d/dv„i-i- Since the symplectic reduction 
of (J^, £, u!, u!i) is a Veronese flag at Tt{p), the symplectic reduction of (J^, £, il, fti) 
is a Veronese flag at {tt{p),0), which is the image oi p = {p,0) by the canonical 
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projection [just adapt the argument showing that (J^, (,, J7, Vii) verifies condition 
3') atp]. 

Since h{p) ^ M. from theorems 2.1 and 3.1 follow the existence around p 
of a (1, l)-tensor field G" extending £ and projecting in X^iLi '^j(^/^"j) ® ^"^j 
and functions lui, ..., Wm such that (w, v) = (ui, ..., u„, wi, ..., Wm) is a system of 
coordinates, 

G' = TTj=i (^jid/duj) ® duj + YJ^,k=i (^3k{w){d/dwj) (g) rfwfe 
and Q, f2i are expressed with coefhcient functions only depending on w (constant 
when h is constant). 

Finally, set wi = zi +iZ2,...^ Wm = 'z2m-i + ^^2m and observe that G'{TP) C 
TP; therefore the restriction to P of G" defines a (1, l)-tensor field G" which 
projects in J and extends £. Now for finishing the proof of theorem 5.1 it is 
enough considering G' and functions zi , . . . , Z2m • 

6. The blocks of a Veronese flag 

The aim of this section is to reduce the local study of Veronese flags to 
the case where their characteristic polynomial is a power of an irreducible one. 
Let (J^, £, ojjOJi) be a Veronese flag on a manifold P or at some point of P, A 
the foliation of the largest vector subspaces and tt : P -i- N a. local quotient 
of P by A. Set codimJ- — r, dimA — 2m and dimN — n. On N consider 
coordinates (xi, ...,a;„), closed 1-forms ai,...,ar and a (1, l)-tensor field J — 
X]?=i(^/'9^j) ® d,^j^ where ai,...,a„ G K, such that the associated Veronese 
web is given by J, ai, ..., a^ and dxi A ... A dxn~r A ai A ... A a^ never vanishes. 

Assume that on an open neighbourhood of a regular point p of £i_/^ the char- 
acteristic polynomial ip of £|_4 is the product of two monic relatively prime poly- 
nomials ipi and ip2- Then Inupi{(.\j() — Kerip2{i\A)j -^"^¥'2(^1^) — Kenpili^^) 
and A = Imipi{£\j^) © Inup2{(.\j{)] moreover Irrnpi{i.\j{) and /to(P2(^m) are fo- 
liations because Ng = {) (apply lemma 2 of [13 ). Thus around p there exist 
coordinates (a;,z,z) — (a;i, ...,a;„, zi, ..., z„j', zi, ..., z™) such that Innpi{i\X) is 
spanned by d/dzi, ...,d/dzm' and I'rrnp2{i\j() is spanned by (9/9zi, ...^d/dz^- 

On the other hand LUk{Iraipi{£.\ji),Imif2{f-\A)) — '^k{IiTLif{(.\A), ) = 0, k — 
0, 1, where by definition loq — co. Hence 

Wfc = J2i<t<j<m' hk{x, z)dz, A dzj + J2i<i<j<fh hjkix, ^dl, A dzj 
because diOk = 0. In particular m' and m are even since ujq is symplectic. 



57 



Therefore if G is a (1, l)-tcnsor field extending t and projeeting in J one 
has G = J + YlT,k=i ^ik{x, z){d/dzj) (g) dzu + Y^.k=\ hjk{x,z){d/dzj) (g) dzk + 
J2^=i -^j ® '^^j where Xi,...,Xn £ A. 

Let us see that G may be chosen in such a way that Xi, ...,X„ are foliate 
both for Imipi{Gij^) and Imip2{Gi^). Set T = X^^i -^j ® ^^j- ^V considering 
G + ^^^j^ Yj g^aj instead of G where Yi, ..., Yr are suitable vector fields tangent 
to A, we can suppose Xn-r+i = ■■■ = Xn = without loss of generality. Thus 
locally there exist X[,...,X'^ e T functional combinations oi d/dxi, ...,d/dxn 
with coefficients only depending on x such that TX', = Xj, j = f, ...,n. 

As /m(y9i(G|^) is spanned by d/dzi, ...,d/dzm' and Keripi{G\_A) by d/d'zi, 
..., d/dzffi, the morphism ipi{G\^) : l7rupi{G\j() — > Imipi{G\jC) is in fact an 
isomorphism whose inverse equals V'(<Pi {G\a)) for some polynomial ^(t) [indeed, 
if t™ + X]^o ffj^"' ^^ ^^^ characteristic polynomial of <pi(G|_4) restricted to 
Ini^i{G\A) set V-Ci) = -go"\i™'-i+Er=r'3.7-^'"')]- Therefore E7=i(5/az,)«) 
'^^3\A ^ PiG\A) where p(i) ^ Lpi{t) ■ tp{ipi{t)). 

Analogously there is a polynomial p{t) such that X]fcLi(^/^^fc) ® c^^fcM — 
p{G\a)- Set ff = I]JLi(9/9zj) (X) dzj|_4 - I]r=i(^/^^fc) ® rf^'fci^; then i7 = 
"01 (G*!^) where '(/'i(^) — p(i) — pit)- Observe that LxH = for any vector field 
X such that X — X]?=i fj{x)'^/9xj. 

As in section 5, from Ng{J^,J^) = follows ixj(G|^) — Go Lx'(G|^) — 
Ljx' (G|^); therefore Lx^ {G\_a) and _ff commute since Lx'H — Ljx'.H ~ and 
{G\a)°H = Ho{G\a) because iJ = -01 (G|^). In turn Lx,H = ix, (V'i(Gi^)) is 
a polynomial in G|_4 and Lxj{G\X), which implies that H and LxjH commute. 
On the other hand since H^ = I one has H o Lx H = —{LxH) o H, so H o 
LxjH — and finally Lx^H = 0. Therefore each Xj is foliate for /m(y9i(G|^) — 
Ira{H + /) and Invf2{G\A) = Im{H — I), that is Xj = X^ilLi fjii^i z)d/dzi + 
YJk=iJjk{x,T)d/dzk. 

Now in variables (x, 2;) we can consider the foliation T' defined by ai, ..., a^, 
the (I, l)-tensor field 

G' = ^ + I]™fe^i hjk{x, z){d / dzj) ® dzk +YTj=i{YT=i fji{x,z)d/dzi)®dxj, 
and its restriction I' to J^', the 2-forms uj' = X]i<i<7<m' fija{x, z)dzi A dzj, 
wj^ = X]i<i<7<m' /yi(^i z)dzi/\dzj (more exactly their restriction to Imifi{G\A) 
but we omit it for simplifying the notation) and the point p' corresponding to 
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p. It is easily checked that {T' , f , uj' , uj[) is a Veronese flag, respectively a 
Veronese flag at p', if that was the case of {J-,£,uj,lui). Similarly in variables 
(xjz) one may consider the foliation T defined by ai,...,ar, the (l,l)-tcnsor 
field G = J + J2'J^k^ihjk{x,z){d/dzj) ® dzk + J2"=i(YT=i f]k{x,z)d/dzk) 
dxj^ and its restriction £ to J-, the 2-forms uj — X]i<i;<i<ni fijoi^^'^d^i A dzj^ 
uji = J2i<i<j<m fijii^^'^d^i ^ '^^j ^^d the point p corresponding to p; then 
(J-", £, u!, wi) is a Veronese flag or a Veronese flag at p if that is case of {T, £, ui, uji). 

Moreover p' is regular for £',., and p for £, r since p was regular for £i_^, ip2 is 
the characteristic polynomial oi £',., and (y3i that oi £,2. In a more technical way 
we will say that, around p, (7^, i?,a;,a;i) is the fibered product over N, around 
p' and p, oi {F' ,£' ,uj' ,uj'i) and {T,£,u),u)i). 

Obviously one may reiterate the process until the characteristic polynomial 
of each factor is power of an irreducible one, which thus becomes the only case 
to take into account. 

7. The local product theorem 

In this section is showed that, around every point of some dense open set, 
an analytic bihamiltonian structure decomposes into a product of a Kronccker 
bihamiltonian structure and a symplectic one if a necessary condition stated 
later on holds (see [18]). 

Consider a bihamiltonian structure (A,Ai) on a real or complex manifold 
M of dimension m. The set of all p G M such that ranfc(A, Ai) is constant 
about p is open (obvious) and dense. Indeed, first recall that at any q d M 
rank{{l — t)A + tAi){q) — rank{A,Ai){q) except for a finite number of scalars t, 
which is < m/2 (see section 1.2 of [IZ]). Now choose non-equal scalars &i, ..., bk 
with k > (m/2) + 2; then the set of all p e M such that the rank of each 
rank{{l — bj)A + 6jAi), j — 1, ..., fc, is locally constant at p is dense, open and 
contained in the foregoing open set. 

For simplicity sake suppose r = corank{A,Ai) locally constant. Since our 
problem is local, by considering rank{{l—bj)A+bj Ai) and rank{{l—b:j)A+b~Ai) 
for suitable indices j, j instead of A, Ai, we may assume maximal (A, Ai), that 
is r = corankA — corankAi ~ cor ank{ A, Ai) , without loss of generality. 

As in sub-section 1.1, for each p e M let Ai{p) be the intersection of all 
vector subspaces Im[A + tAi){p), t G K, such that rank{A + tAi){p) — m ~ r. 



59 



From the algebraic model follows that the dimension of the symplectic factor 
at p equals 2dimAi{p) + r — m. But if ci, ..., Cm are different scalars such that 
rank{A + CjAi){p) = m — r, j = 1, ...,to, then Ai{p) = n^j/m(A + CjAi){p) 
[see section 1.2 of [17] again]. By continuity Ai{q) = n"ii/m(A + CjAi)(g) when 
q is close to p therefore dimAi is a locally decreasing function, which implies 
that the dimension of Ai and that of the symplectic factor are locally constant 
on a dense open set. 

Observe that if (A, Ai) decomposes into a product near p, then the dimension 
of the symplectic factor has to be constant close to p. 

In short, suppose that on an open set M' C M the bihamiltonian structure 
is maximal and its rank and the dimension of the symplectic factor are constant. 
Then, following sub-section 1.1, set m = 2m' + 2n — r where 2m' is the dimension 
of the symplectic factor and consider the Veronese flag (7^, ^,a;,a;i) on the local 
quotient P of M' by the secondary axis A2 ■ 

Given a (linear) symplectic form r and a 2-form ti on an even dimensional 
vector space V, let K be the endomorphism of V defined by ti — t{K, ). 
By definition the characteristic polynomial of (t, ti) will be that of K. Let 
~ _ ^2m _|_ ^ ™Q^ hjP be the characteristic polynomial of the symplectic 
factor of (A, Ai) on M', that is i^™' + X^jITo"^ hj{p)P , for each p e M', is the 
characteristic polynomial of the symplectic factor of {A{p) , Ai{p)) when regarded 
as a couple of (linear) symplectic forms. 

On the other hand let ip = t^™ + J2i=o ^j^^ ^^ ^^^ characteristic polyno- 
mial of ^|_4. By means of the algebraic model of {A{p) , Ai{p)) it is not hard to see 
that the symplectic factor of (A(p), Ai{p)) is isomorphic to {uj{ttp{p)), uji{Trp{p))). 
Thus the characteristic polynomial of (^|yt)(7rp(p)) equals (p{p), that is locally 
hj = hj o TTp, j ~ 0, ..., 2m' — 1, which in particular shows the differentiability 

of ho, ..., /l2m'-l- 

Proposition 7.1. The functions /iq, ..., /i2m'-i a^'e in involution both for A 
and Ai. Moreover {A{dhj, )(p)}j=o,...,2m'-i and {Ai{dhj, ){p)}j=o,...,2m'~i 
span the same vector subspace ofTpM' for any p £ M'. 

Proof. Let { , }tj be the Poisson structure on P defined by {A, to) and 
{ , }i^j that defined by (Aytoi). Recall that { , }tj is the projection of A 
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and { , }cj^ that of Ai. Thus for proving the involution of ho, ..., h2m'-i it is 
enough showing that ho, ..., ft.2m'-i are in involution with respect to { , }^ 
and { , }„^. 

On the other hand by lemma 1.2, kdgk+i = (fc + l)dgk o £ on J^ where 
gk — trace{i\j{)^ , fc > 0, whence (fc + l)(.Xg^, = kXg^^^. Therefore \i 1 <k < k 
one has uj{Xg^^,Xg^) = C{k,k) ■ uj{(^-^Xg^,Xg^) = since uj{i^-^ , ) is a 2- 
form on J^; so {.9j:,gfc}w =0. But /iq, ..., /i2m'-i are function of 51, ...,5^, ... (see 
section 3) therefore {hi, hj}^ — 0. 

As it was pointed out in sub-section 1.1, from the algebraic model fol- 
lows that Ai{TT*prf3, ) == A{n*pf3, ) for any (3 e T*^^^^^P and q G M'. 
Thus in our case kdgk+i = (k + l)dgk o i on J- implies A{d{gk o irp), ) = 
k{k + iy^Ai{d{gk+i o TTp), ). Since /iq, ..., /i2m'-i arc function of 51, ...,54,, ... 
and the traces are function of /iq, ..., /i2m'-i (see section 3 again), the same thing 
happens with /io,...,/i2m'-i and 51 o ttp ,...,5^0 ttp , . . . Therefore the vector sub- 
space spanned by {A{dhj, )(p)}j=o 2m'-i is contained in that spanned by 

{Ai{dhj, ){p)}j=0....,2m'-l- 

For finishing the proof it is enough inverting the roles of A and Ai because 
the characteristic polynomial of the symplectic factor of (Ai, A) equals t^™ + 

J^'^^'^l^^ h2rn'-jho^P +hQ^. D 

Now assume that (M', A, Ai) is diffeomorphic to a product of a Kronecker bi- 
hamiltonian structure and a symplectic one (Mi, A', A'^) x (M2, A", A"). Let Bi 
and B2 be the foliations given by the first and second factor respectively. Then 
Ai D B2 and /iq, ..., /i2m'-i are ;Bi-foliate functions; therefore the dimension of 
the vector subspace of T*M' spanned by dho{q), ...,dh2m' -i{q) equals the di- 
mension of the vector subspace oi A\{q) spanned by dho\j(i(q)i •••j'^^2m'--iMj(„) 
whenever q G M' . 

Thus the foregoing property is necessary for the existence of a local decom- 
position into a product of a Kronecker bihamiltonian structure and a symplectic 
one. 

A point p of M is called regular for (A, Ai) if the three following conditions 
hold: 
1) The rank (A, Ai) is constant on an open neighbourhood M' of this point. 

Observe that this first condition allows assuming maximal (A, Ai) by replac- 
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ing (A, Ai) by (1 - b)A + 6Ai and (1 - 6') A + 6'Ai, for suitable scalars b, b', and 
shrinking M' . Then: 

2) The dimension of the symplectic factor is constant near p, that is on M' by 
shrinking this neighbourhood again if necessary. 

3) The point np{p) is regular for ii^. 

Obviously there are many choices of scalars b, b' such that ((1 — 6)A+6Ai, (1 — 
&')A + fe'Ai) is maximal around p, but it is easily checked that conditions 2) and 
3) do not depend on them. 

Since the set of regular points of £m is open and dense and the projection 
TTp is a submersion, the set of regular points of (A, Ai) is dense and open on M; 
it will be named the regular open set. 

Theorem 7.1. Consider a real analytic or holomorphic bihamiltonian struc- 
ture (A, Ai) on M and a regular point p. Let if> — t^™ + X]i=o ^j^^ ^^ ^^^ 
characteristic polynomial of the symplectic factor of (A,Ai) near p. Assume 
that when q is close to p the vector subspace spanned by dh(){q), ...,dh2m'-i{<l) 
and that spanned by dhQ\j^^-^iq\^ ...^dh2m'-i\j( i„) have the same dimension. Then, 
around p, (A, Ai) decomposes into a product of a Kronecker bihamiltonian struc- 
ture and a symplectic one. 

Moreover, if ip{p) only has real roots then in the C°° category (A, Ai) locally 
decomposes into a product Kronecker- symplectic. 

Let us prove theorem 7.1. Shrinking M we may assume that the hypothesis 
of theorem hold for every point of this manifold. Around ttjv {p) consider coor- 
dinates (xi, ..., x„), scalars ai, ..., a„, the tensor field J = X^^i '^ji^l'^^j) ®dxj 
and closed 1-forms ai, ..., a„ such that oi, ...,an are not roots of the character- 
istic polynomial ip{'Kp{p)) of {(^\a){'^p{p)) ^i^d ai,...,Q:„, J define the Veronese 
web associated to the Veronese fiag [F, £, uj, uji) on P induced in turn by (A, Ai). 
Now shrinking P allows supposing that ai, ..., a„ never are roots of the charac- 
teristic polynomial (p of ^|_4. 

The next aim will be to show the existence near ■Kp{p) of functions zi, ..., Z2m' 
and a (1, l)-tcnsor field G extending i such that (x, z) = (xi, ..., x„, zi, ..., Z2m') 
is a system of coordinates, G ~ X]J=i (^j{(^/9xj)®dxj+J2^ k=i ^jk{z){d/dzj) ® 
dzk and uj,uji are expressed relative to dzi\_^, ...,dz2m'\A with coefficient func- 
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tions only depending on z. 

First, around Trp{p), consider a (l,l)-tensor field Go extending £ and pro- 
jecting in J. Taking into account section 6 one may suppose Go adapted to 
the blocks of {T,£,uj,uji), where each of them has a characteristic polynomial 
power of an irreducible one. Therefore it suffices dealing with the problem in 
every block (J^'jfjUj'jLu'i). Observe that the corresponding point p' is regular 

On the other hand each hj ~ hj o np and the foliation Ai projects in A, 
therefore at every point the vector subspace spanned by dho, ...,dh2m'-i and 
that spanned by d/ioM, •••, '^^2m'-i|_4 have the same dimension. Thus since (p is 
the product of the characteristic polynomial of the blocks one has the following 
two cases: 

(I) If (t — /)^™ is the characteristic polynomial oi £',_^, then / is either constant 
or {df\A'){p') ¥" 0? besides / never takes the values ai, ..., a„. 

(II) If (t^ + ft + g)"", where K = K and p < 4g, is the the characteristic 
polynomial oi £'.^, then / is either constant or (<i/|yi')(-P') ¥" 0- 

When / is constant theorems 2.1 and 5.1 give us the required coordinates 
and the (1, l)-tensor field. If ((i/|^')(p') 7^ these objects are given by theorems 
3.1 and 5.1, provided that we are able to show that the symplectic reduction 
is a Veronese flag or, more exactly, to check the third condition of this no- 
tion. Let {T' , £' , oj' , uj'i) be the symplectic reduction of {T' , £' , u' , uj[) and tt' its 
corresponding canonical projection. Consider a function h on an open set of 
the symplectic reduction such that {£')*dh is closed along T'. Then regarded 
as a function on an open set of P in the obvious way (that is flrst compose 
with tt' and then extend from the block to P) £*dh is closed along the foliation 
T n Kerdf or J^ n Kerdf f) Kerdg. By lemma 1.6, at each point Lxf£ sends 
J- n Kerdf, respectively T fl Kerdf n Kerdg, into the vector space spanned by 
Xf, respectively Xf,Xg. 

But Xfi is tangent to the block corresponding to {T' , £' , uj' , u![) since h only 
depends on the variables of this block. Therefore Lx' £' sends J'' D Kerdf or 
T' n Kerdf D Kerdg into the vector space spanned by X'f or X'f,X' where 
X'f^, X'f, X' are the w'-hamiltonians of h, /, g respectively. 

On the other hand X'M ~ X' h = 0, therefore X'/^f = X'f^g = 0; that is to 
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say X'l^ is tangent to A' n Kerdf or to A' n Kerdf fl Kerdg. Moreover by tt' 
the vector field X^ projects in the cD'-hamihonian X^ of ft., whereas t' sj^'r^Kerdf 
or f\j^'nKerdfnKerdg do in Z'. Thus Lx' i' restricted to T' fl Kerdf or to J^' Pi 
Kerdf n Kerdg projects in iji^/ ^', whence Lxi i' — 0. /n short, the symplectic 
reduction is a Veronese flag. 

We need the following lemma whose proof is an exercise on Poisson structures 
(see [20]). 

Lemma 7.1. On a manifold M consider a Poisson structure A and a 2m- 
codimensional foliation Q . Assume that: 

(a) The bracket of any two foliate functions is a foliate function, 
(h) The hamiltonians of the foliate functions give rise to a 2fh- dimensional 
vector sub-bundle Q ofTM. 

Then Q is a foliation, TM ~ Q(BG and, in coordinates (u, v) — {ui, ..., Uk, vi, ..., V2fh) 
.such that Q and Q are defined by dvi = ... = dv2m = and dui = ... = duk = 
respectively, one has 
A = El<^<,<k 0.,{u){d/du,) A {d/du,) + Ei<.<,<2™ 0^Mi^/^v.) A id/dv,). 

Moreover J2i<i<j<2r7i 0ij{''^){d/dvi) A (d/dvj) is a symplectic Poisson struc- 
ture in variables (vi, ...,V2fh). 

By means of ttp functions zi, ..., Z2m' niay be regarded as functions defined 
around p on M; since np is a submersion Qq — Ker{dzi A ... A dz2m') is a 
2TO'-codimensional foliation about p. On the other hand, since {zi,Zj}i^ and 
{zi, Zj}i^-^ are only function of z and A, Ai project in the bivectors associated to 
{A,io) and {A,iOi) respectively, the functions A(dhi,dh2) and Ai{dhi,dh2) are 
^o-foliate whenever fti,/i2 are Qo-ioliate. Besides, near p, the A- hamiltonians 
of the t/Q-foliate functions give rise to a vector sub-bundle Qi of dimension 2m' 
because w is symplectic on A. In the same way, the A i -hamiltonians of the 



Cyo-foliate functions give rise to a vector sub-bundle Q'l of dimension 2m' . But 
Ai{7r*pi*(3, ) = A(7r|,/3, ), dz, o G = El'=ihjkiz)dzk, j - l,...,2m', and 
^l_4 = G'|_4 is invcrtible; therefore Q'l = Qi. 

By lemma 7.1 applied to A, Ai and Qq, the vector sub-bundle Qi is a foliation 
and locally TM — Qq ® Qi. Thus around p there exist functions ui, ..., Um-2m' 
such that {u, z) — (ui, ..., Um-2m', z\, ..., Z2m') is a system of coordinates, Qq is 
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defined by dzi = ... = dz2m' = and Qi by dui = ... = dum~2m' ~ 0. Now from 
lemma 7.1 follows that 

A = Ei<.<,<™-2™' Q^,{n){^|^u,) A (d/du,) 

Ai - Ei<.<,<™-2™' eu,i^)id/dui) A (d/duj) 

+ Ei<^<,<2m' euj{z){didz,) A {d/dz.^ 

which decomposes (A. Ai) into a product of a Kronecker bihamiltonian structure 
[variables (ui, ..., Um-2m')] ^'^d a symplectic one [variables (zi, ..., 22m')] ^^.d 
finishes the proof 0/ theorem 7.1. 

8. A counter-example 

In this section one will give an example, in the C°° category, of a bihamil- 
tonian structure for which theorem 7.1 fails (see [19]): more exactly one will 
show that the partial tensor field £, of the associated Veronese web, cannot be 
extended to a (1, l)-tensor field with no Nijenhuis torsion. In our example the 
bihamiltonian structured considered defines a G-structure and the Lewy's result 
[7] prevents us to find an extension of i with vanishing Nijenhuis torsion, which 
clearly contradicts theorem 7.1 (the reader interested in a classic example of 
non-equivalent G-structures may see [B]). 

First let us establish some auxiliary results. Consider on a manifold P 
endowed with coordinates (x, y) — (xi, ..., a;„, yi, ..., y,n), for example on an open 
set of K"+™, the foliation A given by dxi = ... = dxn — 0, and in coordinates 
X = (xi, ...,2;„), that is on the quotient of P hy A, a Veronese web defined by 
J — E7L1 %(^/^^j) ® d,^j where ai, ...,a„ G K — {0} and the closed 1-forms 
ai, ..., ar- Recall that in this case ai A ... A a^ A d{aj o J) =0, j — 1, ..., r, and 
ai,...,ar, J* span, at each point, the same vector space that dxi, ...,dxn. In 
the obvious way J, ai, ..., a^ will be regarded as objects on P too. On the other 
hand, assume that the n-form dxi A ... A dxn-r A ai A ... A a^ never vanishes. 

On P let G =: J + H + J^'jCi Xj (g) dxj where ATi, ...,Xn-r e A, H = 
E7fe=i ^jk{y){c>/dyj) ® dyk and the Nijenhuis torsion of H\j( vanishes. 

Lemma 8.1. One has: 
(a) If No Aai A ... Aar = then {LxjH).^ = 0, j = 1, ...,n - r. 
(b)IfiLx,H) =0,j = l,...,n-r, then NaiA, ) = 0. 
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Proof, (a) From the formula Ng{X, ) = LgxG — GLxG straightforward 
follows Naid/dx^A) = 0, i = n - r + l,...,n. But Ndd/dyk, ) A ai A 
... A ar ~ 0, k ~ 1,...,™, so NG{d/dyk, ) = since the 1-forms ai,...,ar 
restricted to dxi = ... = dxn-r ~ are linearly independent everywhere. Thus 
Ncid/dxjjA) ~ 0, j = 1, ...,n — r, which implies [LxjH],. ~ 0. 

(b) Clearly Ng{A, A) ~0 and Ncid/dxi^A) ~ when i runs from n — r + 1 
to n. On the other hand Ncid/dx^^A) = {Lx^H){A) if j == 1, ..., n - r. D 

Lemma 8.2. Consider a tensor field G" ~ J + H + X^^i -^j ® '^^j 'where 
Xi, ...,X„ e A. IJNg" = then {Lx,H)^^ = 0, 3 = 1, -,«• 

Proof. Now {LQ,Q,fi"){A) = whereas {Lx^H){A) = (i.G"(a/ax,)G")(^) = 
0. n 

Hereafter n = 3 and J = '^j^idjid/dxj) (8) dxj where 01,02,03 are non- 
equal and non- vanishing real numbers. Besides one will replace m by 4to, that 
is we will consider coordinates (xi,X2,X3, j/i, ...,2/4„i), and P will be an open 
set of M^™+'^. On the other hand one will set r — 2, ai — dxi — dx2 and 
0:2 = X2dx2 — dx'i. Then ai, 0:2, ai o J and a2 o J are closed. It is easily 
checked that ai,a2T J define a Veronese web of codimension two in variables x 
and dxi A ai A 0:2 = dxi A dx2 A dx^^. 

For making calculations easy, we introduce a complex structure along A 
by means of the complex variables {z,u) — (zi, ..., 2;m,Mi, ...,«„), where zi — 

Vl + «2/2, '"1=2/3+ 12/4, •••, ^^m = y4m-3 + «2/4m-2, Um == Viyn-l + »J/4m- Set i7 = 

*-^(z,«)+Z]Jli(^/^^i)®^'"i where /(2^„) = X^JliK^/^^i)®'^-^^ +(^/^"i)®^"i]- 
From the real viewpoint _ff is a (1, l)-tensor field with constant coefficients 
and minimal polynomial t(t^ + 1)^, whose semi-simple and nilpotent parts equal 
*-^(z,u) and X]^i(^/^-^j) ®duj respectively. 

Lemma 8.3. Consider the (1,1) -tensor field G' = J + H and a complex 
valued function f{x, u) holomorphic along A. If d{df o G") A ai A (22 = then, 
locally, there exists a complex valued function g{x, z, u) holomorphic along A 
such that d{dg o G") A ai A 0:2 = and (dg o (H — il(z.u)))\ a = '^f \A- 

Let us prove this result. First consider the basis of the cotangent bundle, 
with respect to variables x, {dxi, 01,02} and its dual basis X — d/dxi + 
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d/dx2+X2d/dx^, Xi = —d/dx2 — X2d/dxs, X2 = —d/dx^. Taking into account 
that dh — X{h)dxi + Xi{h)ai + X2{h)a2 + J2T=i[i^^/^'^j)'^'^j + {dh/duj)duj\ 
when h is holomorphic along A, a calculation shows that d{df o G") A ai A 
^2 = if and only if {JX — iX) ■ (df/duj) = 0, j = 1, ...,m. On the other 
hand (dg o (H — iI(z.u)))\A — dfi_^ means that g — X]i=i Zjdf/duj + ip{x,u). 
Therefore we have to find a function ip{x,u) holomorphic along A in such a way 
that d(dg o G") A ai A a2 ~ 0. But again a calculation shows that this last 
condition is equivalent to the equation {JX — iX) ■ {df/duj) = X ■ (df/duj), 
j — 1, ..., m [observe that d{d{df /duk) o G') A ai A a2 = 0, k = I, ..., m, since 
d{df o G') A ai A a2 = 0]. 

Now consider a function ip{x, u) such that {JX — iX) ■ tp = and set Y = 
(fli - i)^''-xid/dxi + (02 - 1)^^x28/8x2 + ((a2 - «)""^ + (03 - ^y^)x^8/8x^. Then 
[JX - iX, Y] = X, which implies {JX - iX) ■ h = X ■ ^j where h^Y -^j. 

Since Y commutes with 8/8uj,8 / 8zj^8/8uj^ j — 1,...,to, it suffices to set 
(p — Y ■ f for finishing the proof of lemma 8. 3. 

Now \ei G = J + H + Z ® dxi where Z — X]^i fji^^ u)8/8zj and each 
fj is holomorphic along A. Then {LzH),j^ = and, by lemma 8.1, one has 
Nc{A, ) = 0; thus Na A ai A 0:2 = since there are only three variables x. 

Theorem 8.1. There exists a complex valued function f{x), x G R'^, such 
that, if one sets /i = uif, then the Nijenhuis torsion of the (1, l)-tensor field 
G — G+Zi®ai + Z2®a2 never vanishes around any point whatever Zi,Z2 ^ A. 



Proof. The real characteristic polynomial ^ of G equals i/^i • -02 where 
ipi = {t — ai){t — a2){t — 03) and ^2 = {t^ + 1)^™- Assume N^ — for some 
Zi, Z2 G A. Then locally G decompose into a product of two manifolds endowed 
each of them with a (1, l)-tcnsor field whose real characteristic polynomials are 
■01 and tl)2 respectively. Both factor tensor fields are fiat because the first one 
can be identified to J and the second one to the restriction of G to a leaf of 
the foliation A and, obviously, this restriction is fiat (in fact the foliation by the 
second factor equals A). 

Note that the complex structure along A is given by the semi-simple part 
of G|_4. So there exist coordinates (x,z,u) = {xi,X2,X3,zi,...,Zm,ui,...,Um), 
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where xi = a;i, X2 ~ X2, is — X3, such that dxi = dx2 = dx^ = defines 
A, ai — dxi — dx2, Q!2 = X2dx2 — dx^, zi, ...,Zm,ui, ...,Um are holomorphic 
along A and G = J + H where J — J2j=i ^j(.9/dxj) ^ dxj and H = il(z,u) + 
Y.%i{dldlj)®duj. 

Clearly d{dui o G) A ai A a2 = [calculate it in coordinates (x, z,w)]. Be- 
sides in coordinates (x, z, u) function ui does not depend on z since it is fo- 
liate with respect to the foliation Ker{{G ~ il),j^). Therefore from lemma 
8.3 applied, in coordinates (ir, z, u), to ui and G follows the local existence 
of a function g holomorphic along A such that d{dg o G) /\ ai /\ 0,2 =0 and 
dui\A = {dg o{H - i/(?^s)))|^. But {H - «/(?^s))|_^ = [H - iI{zm))\j( since this 
object is the nilpotcnt part of G\j^, so duiM — {dg o [H — iI{z^u)))\a] moreover 
d{dg o G) Aai Aa2 — Q because (G — G) A ai A 02 = 0. The first condition 
implies that g — zi + p{x, u) where p is holomorphic along A. 

Now take /i = uif{x); then = {d{dg o G) A ai A a2){X,Xi,X2,d/dui) = 
d{dg o G)(X,d/dui) = X{dg{Gd/dui)) - d/dui{dg{GX)), which yields the 
equation 

(*) {jx - ix) ■ (dp/dui) + / = 0. 

Let X = [JX, —X]. Then X ~ (03 — a2)d/dx^ ^ since 02 ^ 03. Regarded 
on M? , the vector fields JX, —X, X, which are linearly independent everywhere, 
define a 3-dimensional Lie algebra whose center is spanned by X. Moreover 
biJX — b2X + b^X is complete for any fei, 62, &3 G K. 

On M.^ endowed with coordinates y = (j/i, 2/2, Us) set Yi = —d/dyi—2y2d/dy3, 
Y2 = -d/dy2 + 2yid/dyz and Y = [^1,^2] = -49/9^3; note that ^1,^2,? 
are linearly independent everywhere and define a 3-dimensional Lie algebra 
whose center is spanned by Y; moreover biYi + 62^2 + b^Y is complete for 
any 61, 62, &3 G K- As K'^ is simply connected there is a diffcomorphism of this 
space transforming JX, —X, X in Yi,Y2,Y respectively. 

From the Lewy's example (see (5) of page 156 of [7 ) follows the existence 
of a G°° function F : M^ ^ C such that the equation (Yi + iY2)F = F has 
no solution in any neighbourhood of any point of IS? . Pulling-back ~F gives 
a function / for which equation (*) has no solution at all (regard dp/dui as a 
function of x and ui, ..., Um as parameters); in other words if one takes /i — uif 
then Np, never vanishes around any point. D 
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The next step will be to apply the construction of sub-section 1.2 to a fo- 
liation and a particular (1, l)-tcnsor field on M7 . More exactly, set m — 1 and 
S = J + H + uif{x){d/dzi) (g) dxi or in real notation S = ^j=i <^j(9/dxj) (g) 
dxj + I]^=i [{d/dy2j) ® dy2j-i - {d/dy2j-i)<S) dy2j] + (d/dyi) ® dy^ + {d/dy2) ® 
dyi + [{ysgi - yig2){d/dyi) + {ys.g2 + y4gi){d/dy2)] ® dxi where f = gi + ig2. 

Note that, as it was pointed out before, Ns A ai A Q!2 =0. Moreover, if a 
is a closed 1-form such that Kera D Ker{ai A a2) then ai A a2 A d{a o S) — 
since a — X^i^i hk{x)dxk. In other words the construction of sub-section 1.2 
applies to 5* and Q = Ker{ai A 02). 

Let {x,y,x,y) = (a;i,X2,X3,2/i, ..., j/4,ii, ^2, ^3,^1, •••, 2/4) be the coordinates 
of T*M'^ associated to {x,y). Then lj — X^^i dxj A dxj + X]7=i djjj A dyj, 
LOi — Lo{S* , ) and 
S* = Ei=i aj[{d/dxj) ® dxj + {d/dij) ® di,] 

+ ll]=i[{d / dy2j) ® dy2j^i - {d/dy2j-i) ® dy2j 

+{d/dy2j-i) dy2j - {d/dy2j) ® dy2j-i] 

+ {d/dyi) ® dys + (d/dy2) ® dy4 + (d/dya) (E) dyi + {d/dyi) ® dy2 

+ [(^351 - y4g2){d/dyi) + (y352 + y4gi){d/dy2) 

-(2/1.91 + y2g2){d/dy3) + {yig2 - y2gi){d / dyi)] ® dxi 

+ E'=Ad/dS:,)^f3, 
where Pi, (32, Pa are functional combinations of dxi, dx2, dx^, dys, dy^, dyi, dy2. 

Recall that in our case Qq is a 2-dimensional foliation, isotropic and symplec- 
ticly complete for lo and wi , spanned by the w-hamiltonians of cti o J~ ^ , Q!2 o J^ ^ 
or by the wi-hamiltonians of ai,a2, when ai,a2, cti ° J^^, ct2° J^^ are regarded 
as 1-fornis on r*M^ in the obvious way. 

Therefore by projection the Poisson structures A^ and A^^j^ give rise to a bi- 
hamiltonian structure (A, Ai) on the global quotient M = T*M^/^o (proposition 
1.4). 

Since the w-hamiltonians of Q!ioJ~^, Q!2 oJ~^ equal —aj" d /dxi+a^ d/dx2, 
—a2^X2dldx2 + a^^djdx-^, the submanifold of T*^ defined by X2 = 2:3 = is 
transverse to Qq, which allows us to identify it with M endowed with coordinates 
(xi, X2, X3, j/i, ..., 2/4, xi, yi, ..., ^4), whereas A,Ai are given by the restriction to 
M of ai o J^^ , 0,2 ° J^"'^, w and a\, a2,uJi respectively. 

In general (see the proof of proposition 1.4) A + iAi is defined by the restric- 
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tiontoMof aio(S'*+t/)"i = ai o (J + iI)-i, a2o{S*+tI)-^ =aio{J + tI)-^ 
and Lu{{I +t{S*)^^)^^ , ). Therefore the rank of (A, Ai) equals 10, the primary 
axis of (A, Ai) is the fohation dxi = dx2 = dx^ = and the secondary one the 
fohation spanned by d/dxi; in particular the dimension of the sympleetie factor 
is 8 everywhere and 4 that of the Kronecker factor. Thus the global quotient of 
M by the secondary axis is identified, in a natural way, to the submanifold P' 
of T*M7 defined by the equations ii = £2 = ^3 = endowed with coordinates 
{x,y,y), while the foliation A of the Veronese flag on P' induced by (A, Ai) is 
given by dxi ~ dx2 ~ dxg, = 0, and the Veronese web is defined in variables 
X = (xi,X2,X3) by J,ai,a2. 

On the other hand, as uji = oj{S* , ) and S* projects on P' in the (1, 1)- 
tensor field 



^3 



G = J2-j=i o-jid/dxj) (g) dx 



^2 



+ Ej=i[(^/^y2j) ® dy2j-i - {d/dy2j-i) ® dy2j 

+{d/dy2j-i) dy2j - (d/dy2j) ® dy2j-i] 

+ {d/dyi) ® dy3 + {d/dy2) <E> dy^ + (d/dya) dyi + (d/dyi) (g) dy2 

+ [{y39i - yA92){dldyi) + (^332 + y49i){d/dy2) 

-(2/1.91 + 2/252) (9/92/3 ) + {yig2 - y29i){d / dy^)] ® dxi, 
this last one is a prolongation of the partial (l,l)-tensor field i : T ^r TP', 
which projects in J. 

Since ^|^ — G|^ is 0-deformable because it is written with constant coef- 
ficients, the algebraic model of the sympleetie factor of (A, Ai), which is com- 
pletely determined by £\j^, does not depend on the point considered. In particu- 
lar its characteristic polynomial equals (t^ + 1)^ and the hypothesis of theorem 
7.1 on the coefficients of this polynomial automatically holds. 

Note that the algebraic model of the Veronese web in variables x does not 
depend on the point as in dimension three and codimension two there is only 
one model. Thus the algebraic model of the Kronecker factor is independent of 
the point, (A, Ai) defines a G-structure and M is the regular open set of (A, Ai). 

Assume that, around some point q of M, the bihamiltonian structure (A, Ai) 
decomposes into a product Kronecker-symplectic. Then considering the local 
quotient by the secondary axis on each factor separately implies the existence 
about of some point p E P' oi a (1, l)-tensor field G, which prolongs £ and 
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projects in J, whose Nijenhuis torsion vanishes. In other words, around p there 
exist two vector fields Zi, Z2 ^ A such that N^ — where G = G + Zi (g) ai + 

Now set 2/5 = j/3, ye = -2/4, yi ^ yi, yg, = -y2 and consider complex 
variables zi = yi + jj/2, ""i == 2/3 + Wi, ^2 = 2/5 + We, and U2 = 2/7 + «2/8- Then 
G=J + -ff + Z(8) dxi where Z = uifd/dzi — U2fd/dz2 and f = gi + ig2- 

By theorem 8.1 one may choose function / in such a way that the Nijenhuis 
torsion of G never vanishes about any point, which implies that (A,Ai) does 
not decompose into a product Kronecker-symplectic around any point. 

In short, one has constructed a counter-example to theorem 7.1 in the C°° 
case. 

Appendix: A splitting property for (1, l)-tensor fields 

Nowadays it is well known, and belongs to the mathematical folklore, that 
a (1, l)-tensor fields whose Nijenhuis torsion vanishes locally follows the decom- 
position of its characteristic polynomial (see [5]). Nevertheless, and for making 
our text more self-contained, we will prove this result here. More exactly: 

Proposition A.l. Consider a (1, l)-tensor fields G on a n-manijold M . 
Let ip be its characteristic polynomial. Assume that: 

(1) Ng = 0, 

(2) ip = ifi-if2 where </?i,(^2 oltc monic polynomials, of respective degrees ni 
and n2, relatively prime at each point. 

Then, around every point, {M,G) decomposes into a product {Mi,Gi) x 
(A/2, G2), where dimMi = ni, dimM2 = n2, Nq-^ = Nq^ = 0, Lpi is the charac- 
teristic polynomial of Gi (more exactly ipi is the pull-back of the characteristic 
polynomial of Gi by the first projection) and ip2 that of G2. 

Let us prove proposition A.l. Set Hi = P2{G) and ¥12 = fi{G). By 
algebraic reasons KerHi — ImH2, KerH2 — ImHi, ImHi and ImH2 are 
vector sub-bundles of dimension ni and n2 respectively and TM = ImHi © 
ImH2. Moreover ImHi and ImH2 are G-invariant, ipi{Hi) — ip2{H2) — 0, and 
Hi,ip2{Hi) : ImHi -^ ImHi, -^2, 951(^2) ■ ImH2 — > ImH2 are isomorphisms. 

Since Ng = Q one has [LG^xiG^W = {G^Lx{G''))Y for any vector fields 
X,Y and natural numbers k,r. Recall that if iJ is a (1, 1) -tensor field then 
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LfzH = JLzH + {HZ) ®df — Z ® (df o H). Now a straightforward calculation 
shows: 

Lemma A.l. Consider functions ho, ..., hs and set H — X]fc=o hkG^ . Then 
Nh{X,Y) — X]?=o i'^ji^)^''^ ^ '^jO^)^'' -^] where each Uj is a l-form func- 
tional combination of dhk o G"', k — 0, ..., s, r — 0, ..., n — 1. 

In particular Nu ~ if ha, ...,hs are constant. 



By definition of Nijcnhuis torsion [HiX,HiY] — Nhi{X,Y) is a section of 
ImHi . Therefore given vector fields X,Y E ImHi , since G'^ [ImHi ) C ImHi , 
from lemma A.l follows that [HiX,HiY] G ImHi. But the vector fields HiZ 
such that Z G ImHi span ImHi, so ImHi is involutive; in turn and by a 
similar reason ImH2 is involutive too. 

In other words, locally, M can be regarded as a product Mi x M2 associated 
to the decomposition of the tangent bundle TM — ImHi © ImH2', moreover 
G{TMi X {0}) C TMi X {0} and G({0} x TM2) C {0} x TM2. Thus there 
exist two (1, l)-tensor field Gi : TMi -^ TMi, perhaps depending on M2, and 
G2 ■ TM2 -^ TM2, perhaps depending on Mi, such that G = Gi + G2 when 
Gi,G2 are considered on TM in the natural way (that is Gi({0} x TM2) = 
and G2{TMi x {0}) = 0). The proof will be finished if we are able to show that 
Gi,G2 do not depend on M2 and Mi respectively, since in this case Nq = 
obviously implies Nq-^ — Nq^ — 0. 

We start dealing with the case where there exist a symplectic form lu and a 
closed 2-form uii such that lui ~ i^{G, ); recall that uj{G, ) — uj{ , G). Then 
uj{ImHi,ImH2) = Lj{Im{^2{G)),Im{ipi{G))) = uj{Im{'fi{G)o^2{G)),TM) = 
0; in a analogous way one has LOi{ImHi, ImH2) ~ 0. Now consider coordinates 
{x,y) — (xi, ..., x„j , 2/1, ..., j/n^) 01^ ^ such that d / dxi, ...,d/dxn^ span ImHi 
and d/dyi, ...,d/dyn2 span ImH2. Then lu = lu' + lo" and lui = lo'i + cj" 
where w' = Ei<j<j<«i h]{x)dx, A dx^, uj" = Ei<j<j<«2 9i]{y)dyt A dy^, w^ = 
Ei<j<j<„i fi3{x)dx^ A dxj and w^^' = Ei<j<j<„2 9t3{y)dyt A dy^, because dcj == 
dcji = and Lu{d/dxk,d/dyr) — uji{d/dxk,d/dyr) = 0, fc = l,...,ni, r = 
l,...,n2. Thus cj']^ = cj'(Gi, ) in coordinates (xi,...,x„j) regarded on Mi and 
Lu'i — Lu"{G2, ) in coordinates {yi, ..., j/^^) on -^2; whereby Gi only depends on 
(xi, ..., x„j) and G2 on {yi, ..., 2/112)) which proves proposition A.l in this case. 
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In the general case consider the prolongation G* of G to T*M (see sub- 
section 1.2) whose characteristic polynomial equals tfP' , or more exactly the 
pull-back of (/3^ by the canonical projection tt : T*M — > M . Now Nq' ^Q, ^p^ = 
ip\ ■ ip2 and, since on T* M there exist uj and uji as before, G* decomposes into a 
sum G* = G\ + 6*2 in such a way that ImG\ ~ Imipl (G* ) , KerG\ — Imip\ (G* ) , 
ImG*2 = Imipl{G*) and KerG^ = Inupl{G*). Moreover TVg* = iVc* = as 
TVg. - 0. 

Again, consider coordinates {x,y) — (xi, ...,x„j^,yi, ...,y„2) on M such that 
d/dxi, ...,d / dxn^ span ImHi and d/dyi, ...,d/dyn2 span ImH2. Identify M 
to the zero section 5*0 of T*M. If {x,y,x,y) are the associated coordinates on 
T*M , in which the zero section is given by a; = 0, y = 0, from the formula of 
the prolongation given in sub-section 1.2 easily follows that G*{TSo) C TSq, 
GliTSo) C TSo and G^{TSo) C TS'q. Besides (/m(/?^(G*)) n T^o = lTmp2{G), 
{Imipl{G*))nTSo = /m^i(G), Gf^^ = G, Gt|5„ = Gi and G^.^^ = G2 [it is 
just an algebraic verification at each point of 5*0]. Thus Nq-i ~ Nq^ = on 
M . In particular from A^Gi (9/dyr, ) = follows L^Q/Qy^^Gi = 0, r = 1, ..., 71,2, 
that is Gi does not depend on M2. Analogously one shows that G2 does not 
depend on Mi. Therefore the proof of proposition A.l is finished. 
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